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FOURIER COEFFICIENTS OF A CLASS OF ETA QUOTIENTS OF WEIGHT 22
WITH LEVEL 12
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ABSTRACT

Williams[18] and later Yao, Xia and Jin[15] discovered explicit formulas for the coefficients
of the Fourier series expansions of a class of eta quotients. Williams expressed all

coefficients of 126 eta quotients in terms of a(n),a(3), a(g) and a(g) and Yao, Xia and Jin,
following the method of proof of Williams, expressed only even coefficients of 104 eta
quotients in terms of 03(n),a3(§),a3(§) and 03(%).Here, we will express the even Fourier

n

coefficients of 1456 eta quotients in terms of oy, (n), oy, (2),021 (2),021 (%)'021 (g) and
o2 ()

Keywords: Dedekind eta function; eta quotients; Fourier series.

INTRODUCTION

The divisor function g;(n) is defined for a positive integer i by

diifnis a positive integer
Oi (n): = ) d positive integer,d|n . (1)
0 if n is not a positive integer
The Dedekind eta function is defined by

n@:=a| [a-qm, @
n=1
where
q:=e?"?,z€ H={x+iy:y > 0} (3)
and an eta quotient of level n is defined by
f(2):= nn(mz)am,n,me N,a, € Z. (4)
min

It is interesting and important to determine explicit formulas for the Fourier coefficients for
eta quotients since they are the building blocks of modular forms of level n and weight k.
The book of Koéhler [13] (Chapter 3, pg.39) describes such expansions by means of Hecke
Theta series and develops algorithms for the determination of suitable eta quotients. One can
find more information in [3], [6], [14], [16], [17]. | have determined the Fourier coefficients
of the theta series associated to some quadratic forms, see [7], [8] [9], [10], [11], and [12],

Recently, Williams, see [18] discovered explicit formulas for the coefficients of Fourier
series expansions of a class of 126 eta quotients in terms of o(n), 0 (3),0(3) and o (%). One

example is as follows:
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n2(2)n?(3z)n*(12z)

2 4 6 o
n“(2z)n*(4z)n°(6z) 1+ZC ",
=1

where
c(n) =20(n) —30(n/2) + 406(n/4) + 9a(n/6) — 360(n/12).

Then Yao, Xia and Jin [15] expressed the even Fourier coefficients of 104 eta quotients in

terms of 03(n), 03(3), 03 () and a3 (). One example is as follows:

n%°(22)n*(32) _ > i
n2(2)n°(4z)n*(62)n(12z) L+ ; c(n)q",

where
c(2n) = 6503(n) — 6803(n/2) — 8la3(n/3) + 32403(n/6).
Motivated by these two results, we can express the even Fourier coefficients of 1456 eta

n n

quotients in terms of gy;(n), gy, (2),021 (2),021 (Z)'Gﬂ (g) and gy, (%) see Table 4.
One example is as follows:

52 ®
n°*(2z) Z
=1 n
n8(4z) t 2, cma
n=1
where

2 _ 2891 710 464 (Tl) n 2891 710 464 (n)
c(zn) = 94481414901 157 22 \3) T 92481414901 157 "2t \6/"

We can also find 594 eta quotients of weight 22 such that

c2n—-1)=0
and even coefficients can be expressed by simple formula. Now we can state our main
Theorem:

Now let 3
fuim Zo o = L2 G 120)
f, = Z £, ()" = n24(42)n;:4((6222))7716(122)’
f, = Z £ (n)q" = 7126(42)77771242((6222))7726(12z)’
fa = Zﬁ (n)q" = ”28(42)77; g))n“(lzz)’
fo = Zfs (n)q" = 7116(42)77772240((6222))7724(12z)’
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n*8(4z)n**(62z)n**(12z)
n%°(2z2) ’

fo= ) fsma" =
n=0

' (42)n*(62)n**(122)
n*(22) '

fr = iﬁ (n)q" =

n'8(42)n?**(62)n*°(122)
n%(2z) ’

fo = ifs (m)q" =

n*>(4z)n*(62)n** (12z)

fo= tha (n)q™ =
n=0

n°(22) ’
N L n?2(42)n®(122)
fio = ;fw (mq" = 12(22)n%(62)
N L 0P (62)1*°(122)
fin = ;fn (mq" = 12207 (42)

n*” (4z)n*3(62)n°>(12z)

fi2 = iﬁz (n)q" =
n=0

n(2z) '
N (4 (62)
fiz = nz:(:)fn (mq" = 122 (122)
_ i (yqn = e (122)
fia = n=0f14 n)q- = 112 (42) )

fis = ) fus (0" = 1?(62)'(122),
n=0

n*°(2z)n** (4z)n** (122)
n?1(6z) ’

fi6 = i fie (Mq" =
n=0

n**(22)n" (42)n*°(12z)

fir =) fur (0G" =
n=0

n*°(62) '
N . Q2N (42)
fis = ;fm (n)q" = 12(62)
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n*°(2z)n*(4z)n**(12z)

fio = wa (mq" =
n=0

n'?(6z) '
AN . _ 12 (62)
f20 = ;fzo (m)q" = 1S (4201 (122)
AN n _ Uz (62)
for = ;fu (n)q" = 12+ (22)n2(122)’

n%” (4z)n*!(62)n°(12z)
n?3(2z) '

faz = ifzz (n)q" =
n=0

n32(4z)n*(62)n3*(12z)
n?2(2z) ’

fa3 = Zfzs (n)q™ =
n=0

n*°(4z)n’ (6z)n*°(12z)
n?1(2z) '

foa = ifm (n)q" =
n=0

n'?(42)n*" (6z)n*°(122)
n'7(2z) ’

fos = z f2s (Mq™ =
n=0

n*¢(4z)n**(6z)n*(12z)
n6(2z) '

f26 = Zfze (mq" =
n=0

n*t(4z)n*3(62)n* (12z)

fa7 = i fa7 (M)q™ =
n=0

n's(2z) '
N 1% (62)n%3(122)
fag = ;fzs (m)q" = 12D (4z)

n*?(4z)n**(62)n®(122)
n1°(22) ’

fao =) foo " =
n=0

n®(4z)n*°(62)n*'(12z)

fz0 = Z fzo (Mq™ =
n=0

n°(22) ’
RN L ¥ (122)
fz1 = nz:(:)fm (mq" = 1°(22)1n5(62)
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N 042" (62)
f32 - nz:(:)f32 (n)q - ng(zz)n6(1zz)l

N ¥ (42n*(122)
f33 - ;]%3 (n)q - 7711(22)7715(62) ]

N _ **(62)n**(122)
f3a = ;]%4 (m)q" = 15(22)n'2(4z) '

N L n**(42)n"(122)
f3s = ;f% (m)q" = 15221 (62)

n3¢(4z)n*°(62)n*(12z)

fz6 = 2f31 (mq" =
n=0

n¢(22) '
RN L n*(62)n'5(122)
fa7 = ;fn (n)q" = PO (42)
RN L 0> (62)1%°(122)
fzs = ;f% (n)q" = 13 (22)n° (4z)

n*(22)n3*(4z)n**(122)
n%2(62)

f39 = Zf34 (n)q™ =
n=0

Now we can state our main Theorem:
Theorem 1. Let by, by, -++, bs be non-negative integers satisfying
by + by + -+ bs < 44.
Define the integers a,, a,, as, a,, ag, a;, by
a. = _b1 + 2b2 - 2b3 - 4‘b4 - b5 + 4‘4‘,
a,:. = 3b1 + b2 + 3b3 + 10b4 + b5 - 110,
asz. = 3b1 + 2b2 + 6b3 + 4'b4_ + 3b5 - 132,
Ay = _Zbl - b2 - b3 - 4'b4_ + 2b5 + 4'4,
Qg = _9b1 - 7b2 - 9b3 - 10b4 - 7b5 + 330,
alz: == 6b1 + 3b2 + 3b3 + 4b4 + 2b5 - 132
Now define integers

ko, k1; k2; k3r k4r k5; k6t k7r k8t k9' klO,klli
k12' k13' k14—' k15' k16' k17' k18' k19' kZO' k21'
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(6)
(7)
(8)
(9)
(10)

(11)
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k22!k231k24' k25'k261 k271 k28'k29' k301k311 k321
k33, k34, kss, K36, K37, K38, K39, K40, ka1, kaz, kaz and kg,

Sorvhs xP1(1 — x)b2 (1 + x)P3 (1 + 2x)P+(2 + x)Ps (12)

=k + kyx + kox? + kax + kax* + ksx® + kgx® + kox7 + kgx®
thox? + kygxt® + kx4 kipx'? + kygx!3 + kgt
+ kygx®S

thiex + kyx + kigx'® + kyox® + kyox?0 + kyyx?t
+ kyyx??

Fhy3x?3 + kpax®* + kysx? + kpgx?® + kyyx?7 + kpgx?®
+ kyox?°

+h30x30 + k3 x3t + k3yx3? + ka3x33 + kgax3* + kagx3S
+ k3gx36

th3,x37 + k3gx38 + k3ox3% + kyox*0 + kg x*t + kypx*?
+ ka3 x® + kggx*t.

(13)
(14)
(15)
(16)

(17)

Define the rational numbers

_ _ - €1,€2,C3, €4, C6, C12, 11,12, 0, 138
and 734 as in www.bariskendirli.com.tr/weight22/Table 1. Here

{flr "'f39}\{f11f2! f3ﬂf5if7if16i f17'f22'f231f34'f39} € SZZ(FO(]-Z))ﬂ
{f1! fZ! f3ﬂf5if7if16i f17'f22'f231f34'f39} c MZZ(FO(]-Z))\SZZ(FO(lz))

and

n*(z)n*2(2z)n% (3z)n*(4z)n%(6z)n*2(12z) = 6(by) + z c (m)q™,
n=1
where for ne N,

c(n) = ¢1051(n) + 2094 (g) + C3031 (g) + 40,1 (%) + Ce021 (g) + ¢1,0; (171_2)

+71f1(0) + -+ + T30f30(0).
In particular,

n n
C(Zn) = 610'21(271) + C20'21(n) + C40-21 (E) + (4‘194‘305C3 + C6)0—21 (g)

n
+(C12 - 4‘194‘ 304‘C3)0-21 (g) + T1f1(2n) + + T20f20(2n),

2Zn—1
c2n—1) =c¢;0,;(2n— 1) + c309; ( 3 )

+721f21(2n— 1) + - + 139f39(2n — 1),
for ne N.
It follows from

(6-11) that
aq + 2a2 + 3a3 + 4‘(14 + 6a6 + 12a12 = 24‘b1, (18)

a1+a2+a3+a4+a6+a12=4‘4‘, (19)

6 3 6 3 3
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@*(q) — ¢*(q°) 0°(q®)
p(q):= 3 k(@)= ——=,

2¢02(q%) v(q)
where the theta function ¢ (q) is defined by

o(q) = iqnz-

Setting x = p in (12), and multiplying both sides by k?2,we obtain
22

k
Sor75; Pt (L= p)2 (1 + ) (1+2p)™*(2 + p)*

(20)

= (ko + kyp + kop? + k3p® + kyp* + ksp® + kep® + kyp” + kgp® + kop® + k1op™°
+hyap™t 4 kiap'? + kazp™ + kyap™ 4 kisp™® + ki + kizp?7 4 kigp™® + kyop™?
+hoop?® + kp1p?! 4 k2op®? + kpsp®® + kpap?* + kopsp? + kpep?® + kyyp?” + kogp®®
+hoop?® 4 k3op®0 + k3 p®' + k3pp3% 4 kasp® + kaap®* + kasp®® + kaep®®

+k3,037 + k3gp38 + ko3 + kayop®® + kg x* + kypx*? + kysx®3 + kg x*)k?2

Alaca, Alaca and Williams [2] have established the following representations in terms of p
and k:

n(q) = 27V /24 (1 = )2 (1 + p)M/°(1 + 2p)/°(2 1
+ p)1/8k1/2, ( )

n(q?) = 273pV12(1 = p)V* (A + p)V 12 (A + 2p) V(2 )
+ p)1/4k1/2 ( )

n(q*) = 27°pt/°(1 = p)/O(1 + p)V/2(1 + 2p) /(2 3
+ p)1/24k1/2 ( )

n(q*) =272p'/°(1 - p)/*(1 + p)/**(1 + 2p)/°(2 4
+ p)1/2k1/2 ( )

n(q®) = 27 3p (1 = p) /(1 + p)V*(1 + 2p)/12(2 5
+ p)1/12k1/2 ( )

n(q*?) = 272p'/2(1 —p) /24 (1 + p) /o (1 + 2p)/?*(2 6
+ p)M/6k1/2 (6)

Eo(q):=1-504 ) o5 (m)q"
n=1

= (1 — 246p — 5532p2 — 38614p® — 135369p* — 276084p°
—348024p° — 2760847 — 135369p8 — 38614p° — 5532p10
—246p't + p'?)kS,

E,(q):=1+ 240 Z o3 (n)q™
n=1

= (1 + 124p + 964p? + 2788p? + 3910p* + 2788p°
+964p° + 124p7 + p®)k*.
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Therefore, since

20500
Eyn(q) = 77683 EE(Q)E.(Q) +

3
4
77683 Es(@QE;(q),

We can also similarly determine f;,---,f3s and f39 in terms of p and k as in
www.bariskendirli.com.tr/weight22/Table 2.

We see that
{fll "'f39}\{f1!f21 f3'f5’f7'f16' f17'f22’f23’f34-'f39} € SZZ(FO(lz))’
{1 f2r 30 f50 f20 fre0 fi7s fa20 f230 f3a0 f30} © Mzz(ro(lz))\szz(ro(lz))
by [4]. Now
n®(z)n?2(2z)n* (3z)n* (4z)n" (62)n*12(12z)
= | Ja-amm a-gmea - - gmea - g - g
ai _az asz_2a4 ae_2ai2 a1.a2.a3.a4.a6.a12 ai,az a3z a4 Qae A12
=2 6 3 6 3 3 3p24'12'8'6 (1—p)2'4'6'8'12'24
41,42 03,04, 06,012 a1,02 a3, 04, a6, 12 41,42 a3 as Ge 12
(1+p)6 T2ttt (1+2p)8 P2 2t s T2 24(2+p)8 "4 242 "12" 6

ajtar+az+ag+asg+aqy
2

= S5 P (1= )2 (1 +p)** (1 +2p)*(2 + p)Ps

= k2%(ky + kyp + kyp? + k3p3 + kyp* + ksp® + kgp®
+hyp” + kgp® + kop® + kyop™® + kyip™

+hiap™? 4 ki3p'® + kiap™ + kysp™® + kigp™®

ki7p"7 + kigp™® + kiop™ + kpop® + kpyp?t + kppp??
+hp3p®? + kpap®* + kopsp?® 4 kpep® + koyp?” + kygp®®
+hoop® + k3op®® + k31p?t + k3pp3? + kazp®® + kaup®*
thaex35 + kygx36 + kaox37 + kygx38 + kgox39 + k,op*°
Fhg Xt + kgpx®? 4 kysx®3 + kyyp*)

_77683 (. 552 N o )+ 77683 (4, 552 N -
~ 7552 77683 £, 72t V1 552 2\ 776834 71
n:
77683 (552 & ogen |+ 77683 (1, 552 i (g
552 77683 £ 021 i 552 *\ " " 77683 1021 wa
n=

| 77683 L 552 . 77683 (552
552 6 77683 £ “21 naq 552 12 77683

021 (n)q12n>

n=1

— 4n)29(1 6n)23(1 _ q12n)17
+r1q ) (1 — g2n)2s
no_o1
- — (1 _ q4n)24(1 _ q6n)28(1 _ q12)16
729 (1 — g2n)2#
n=1 1
1 — (1 _ q4n)26(1 _ q6n)14(1 _ q12n)26
739 (1 — g2n)22
n=1 1
ST (1- q4n)28(1 _ q6")12(1 _ q12n)12
1.4 (1 _ 2n)8
n=1 1
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WTT ((1 _ q4n)16(1 _ q6")24(1 _ q12n)24
+75q Ll (1 — q27)20
" q15 — (1 _ q4n)28(1 _ q6")24(1 _ q12n)12
6 11 (1 _ an)ZO
o q19 . (1 _ q4n)11(1 _ q6”)29(1 _ q12n)23
7 11 (1 _ an)19
o q13 — (1 _ q4n)18(1 _ q6")22(1 _ q12n)10
8 11 (1- an)G
. q15 — (1 _ q4n)25(1 _ q6n)3(1 _ q12n)21
9 n=1 (1 _ q2n)5

had 1 — gm)22(1 — g12m)30
+r10q17 ((1 _q z)n)z((l _q 6n))6
it q q

1 (1 _ q6n)23(1 _ q12n)29
1119 (1 - g% (1 — g*n)7
n=1 q q
" (1 _ q4n)17(1 _ q6n)23(1 _ q12n)5
+T12q (1 _ 21’1)
Bl !
; (1 _ q4n)29(1 _ q6n)23
+7139 (1— q27)(1 — qi2n)y7
n=1

— (1 — 6n281_ 12n)28
+7149"° a-q7) (4 13 )
+r15q15 (1 _ q6n)28 (1 _ q12n)16
n=1
. q11 — (1 _ an)19(1 _ q4n)25(1 _ qlzn)21
16 _ 6n)21
nt (1—q°™)
. q13 — (1 _ an)23(1 _ q4n)17(1 _ qlzn)29
17 _ 46Mm)25
. q3 _ (1 _ an)40(1 _ q4n)16
18 _ A6n)12
nt (1-q°")

- G20 (1 — g*m)*(1 — ¢12n)12
+719q

(1- q6n)12
. (1 _ an)39(1 _ q6n)31
_ 44n)15(1 — 412n)11
1 1A =q¢")™ 1 -q"")
® 1 — g#m)30(1 — g6n)40
+r21q12 El _ 227324&1 _ 2127)1)2
n=1

+7509°
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y 2 (1— q4n)37(1 _ q6n)21(1 _ q12n)9
+7229 2123
nt -4
2 2 (1— q4n)32(1 _ q6n)2(1 _ q12n)32
+7239 2122
nt 1=4")
g 2 (1— q4n)39(1 _ q6n)7(1 _ q12n)19
+7249 (1 _ 2n)21
n=1 1
=1 (1 — g%™)19(1 — g®")27(1 — g12)15
g6 (1—q")"( q2)17( q")
Ao S
=2 (1 — q*")25(1 — q°M)32(1 — q12n)2
+756q "7 (1 — g2n)16
n=t 1
=2 (1 - g*™)21(1 — ¢*™13(1 — q12n)25
-|'7ﬂ27ql8 2n)15
=1 (1 —q n)
s =2 (1 — q™)33(1 — q12n)33
7289 11 (1 _ q2n)11(1 _ q4n)11
n=1
21 _ An\32(1 _ ,6n\14(1 _ ,12n\8
1=qg")*A =g )" (1 —q=")
+759q"7 2110
i 1=-q")
2 1 _4An\3(q _ 6n\19(1 _ 121331
1-g")°1—-q¢")7A —q™")
+7309%°
11 (1 —q?m)°
n;l
. 4 — (1 _ q4n)39(1 _ q12n)19
314 11 (1- an)9(1 — q6n)5
. o (1 _ q4n)34(1 _ q6n)24
324 11 (1- q2n)8(1 — q12n)6
T T (1 — g*")37(1 — q12n)33
7339 11 (1— gZM)I(1 — gon)15
n=
2 = (1 — q™)34(1 — q12m)28
7349 (1 — g?n)6(1 — g4n)12
n=1 oo 1
20 =2 (1- q4n)24(1 _ q12n)40
7354 (1 - g?)6(1 — gbén)14
net 1 1
= (1 — g*m)36(1 — goM)10(1 — gl2n)*
+736q™°
11 (1 —qg?n)®
n;l
N 16 —r (1 _ q6n)39(1 _ q12n)15
T
374 11 (1 — qZ0)5(1 — g*n)s
2 (1- q6n)25(1 _ q12n)25
+7'38q18

CEFEDNCETDE
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® (1 — g¥™)2(1 — q*™)32(1 — q12n)32
+739q™° 1_[
n=1

(1 — qon)22
n n n
=6(by) + Z(Clazl(n) + 2071 (E) + 30,1 (E) + 4021 (Z)
ot n
+C6021 (g) + 12021 (E)) + 1 fi(n)+.... +739f30(n),
where
_(0if by #0
8(by) = {1 if b, = 0
So
n n n
c(n) = (c1021(n) + c02, (E) + €301 (E) T €401 (Z)

n n
tC6021 (g) + C12021 (E)) + i fi(n)+.... +739f39(N).
Therefore, forn = 1,2, ...,

n n
C(Zn) = C10-21(2n) + C20'21(Tl) + C4021 (E) + (104‘8 577C3 + C6)0—21 (5)

n
+(C12 - 1048 576C3)0-21 (g) + 7‘1f1(2n) + b + T20f20(2n),

2Zn—1
c2n—1) = c;0y5(2n — 1) + 3045 ( 3 )

o +721f21(2n— 1) + - + 139f39(2n — 1),
since It Is easy to see that

o (5) = @ + Do, (5) - 20, (3)

hence,

o (%l) = 104857705, (g) — 1048 5760, (%)

and, forn=1,2, ..,

f1(2n) = - = f,4(2n) =0,
f12n—1) == f36(2n—1) =0,
Remark 1. We have found 1456 eta quotients, see Table 4 for 300 of them, such that, for
n=12-
n n
c(2n) = ¢,0,1:(2n) + c,0,;(N) + €404, (E) + (1048577¢c5 + ¢6)021 (5)
n
+(c1y — 1048 576¢5) 05, (g)

2n
c2n—1) =c10,,(2n — 1) + c309; (—
and 594 eta quotients, such that forn = 1,2, -+,
n n
c(2n) = €102, (2n) + 3051 () + €4051 (E) + C6021 (—)

3
n
1C12021 (g) + 121f21(2n) + - + 139 f39(20),
c(2n—-1)=0.

) +rfi(2n—1) 4+ -+ 1ry0fr0(2n — 1).
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Remark 2. If f is an eta quotient, then the coefficients of %(f(q) + f(—q)) are exactly the
even coefficients of f. In particular, it means that we have obtained all coefficients of some
sum of 1456 eta quotients.

Remark 3. S,, (T (12))

Is 39 dimensional, M,,(Ty(12))

is 45 dimensional,see [5] (Chapter 3, pg.87 and Chapter 5, pg.197), and generated by
A122,8122(22),A125(32), A1 22(42), 8122(62), Ay ,5,(122),

D322, 82,22,1(22), B322,1(32), 83 22,1 (62),

A3 22,20 82222(22),05522(32), A5 2,,,(62),

D321, 8322,1(22), 83221 (42),

A322,2, 83222 (22), D322, (42),

D323, 83223(22), Az 22,3(42),

A3 5, 4(conjugate of Az 5, 3 by x% — 666X + 2464992), A3 5, 4(22), A3 5, 4(42),
A4,22,1'A4,22,1(3Z),

A, 27 2(conjugate of Ay 5,41 by x* — 65640x — 14536815984), A, 5, ,(32),
Dg22,1,86,22,1(22),

Dg22,2,86,22,2(22),

Dg,22,3,D6,22,3(22),

A12221, 012222, D12 22 3(conjugate of Ay 5,5 by x? — 28827900x — 453753148117500)
where A ,, is the unique newform in S, (Ih (1))

y Np 221, Az 22 5 are the unique newforms in S, (I'h(2))
s N304, 03222, 03253 and As 5, 4 are the unique newforms in S,, (I (3))
, Dy 221,04 22 5 are the unique newforms in S, (Ih(4))

, Ne 181, 06182 and Ag ;g 3 are the unique newforms in S,, (I (6)), and A1z 551, A1 22 2 and
A5 22,3 are the unique newforms in S,, (I (12))

. By taking t as a root of x2 — 666x + 2464992, s as the root of x? — 65640x —
14536815984 and u as the root of x? — 28827900x — 453753148117500, we see that
fi, =+, f39 as linear combinations in www.bariskendirli.com.tr/weight22/Table 3. We also see
that the even coefficients of the newforms and their scalings by divisors of 12 can be

obtained by g,,(n), g5, (2) , 021 (2) , 01 (%) , 091 (g) and o,, (%)
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