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ABSTRACT

In this paper we present two examples of what is typically referred to as Chi-Squared
Goodness of fit test. The first example is multinormial parametric distribution, while the
second is Kruskall Wallis Pearson nonparametric statistics by ranking. We show that both
distributions have Chi-Squared distributions with k-r degree of freedom.
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INTRODUCTION

Since most of the standard statistical techniques are based on the assumption of normality,
the methods for judging the normality of a set of data are of importance. To this end we
usually apply the method called the Chi-Squared goodness of fit test. We test the hypothesis

H,: the data comes from normal distribution versus H, the data does not come from

normal distribution. We proceed the following steps to complete this test. Step 1 : we
grouped the data into classes to form a frequency distribution and calculated the sample

mean , X, and standard deviation, S. Step 2 : from these quantities, a normal distribution is
fitted and the expected frequencies in each class are obtained. Let us use f, to denote the

observed frequencies and E; the expected frequencies. Step 3: for each class, we compute
and record the quantity( f, — E; )*/ E; =(obs —expected )* / expected. Step 4: the

final test criterion is Y.( f, —E; )/ E; ~ ;((Zk_r)summed over all the classes. It has shown
that this test statistics has a ;((Zk_r) distribution with (k-r) degree of freedom, where k is the

number of classes used in computing ;((Zk_r) and r is the number of parameters that have
been replaced by sample estimates. If the data actually come from a normal distribution, this
quantity approximately follows the theoretical ;((zk_r) distribution with (k-r) degree freedom.
If the data came from some other distribution, the observed f; will tend to agree poorly with

the values of E; that are expected on the assumption of normality and computed ;((Zk_r)

becomes large. Consequently, large values of ;((Zk_r)cause us to reject the hypothesis of

normality. The book of Snedeco G.W. Cochran W.G.[1] is the best source related to this
topic.
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Multinomial Distribution Parametric Application

Let p; denote Pr[an object falling into cell i] such that p, +.... + p, =7
X; denote the number of object out of n, observed in cell i, such that
Xi + e + X, =n. then

n/!

XXy )= — /pf’p? ...... D i where x;, =0,1,2..... .for all i
X7. X2....Xk.

Then E(X; )=np;, Var(x;)=np;(1- p;), Cov(x;,X;)=-np;p,

1777
Then the variance covariance matrix of X, say 2 is

np,(1-p,)  -np.p, .« ~NPgPy
- NP, P, np,(1-p,) . . -np,p,
2:
L NP Py -np,pe - - np(X-py)]

Then 2 is singular with rank deficiency 1.

then > j=n[D, ~pp 1j=n[p-pp j1=nlp-pl=n0=0
2 issingular. jisacolumnvectorof 1.

Then conditional inverse of X' is (™) = Dn}} =D,
np

X ~ Multinormial ;thenany x; ~ Binomial. x;, x; are correlated

5P, N(,)

AP (1-np;)

so X; ~normal, y; =

so q=(x- n_p) T(x- np)— Z(Zk—l)
then g canbe expressas a sum
g=(x-np) Dy(x-np)

_ Z(Xi -np;)°
np;

Finally, we can rename

2
= X(k-1)
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X; - 0; ; and np; = E; (expected number)
(x;—np, )’ (0, -F) 2
Dk M RN
np; E; R
This result shows that g has Chi-Square distribution with k-1 degree of freedom.

then q=3

Kruskal Wallis Pearson Statistics

Observations are available as rank only. R is the sum of the rank in group i (i=1,2,...k).

R, +R, +...+ Ry :ii:w
i=1

We want to find the standard quadratic form associated with R;,R,,...R,
(in the central limit theorem sense) This quadratic form will have XZ distribution with (k-1)

degree of freedom. Let there be N; observations in group i. Let X; denote the rank

associated with the jth observation in group i. If there is no difference between group mean
then

K i n+1
E(X”)_EEX”/”_T’
_ni(n+1)
E(Ri)_—2
B j L w2 B
E(Xij’Xkl)—zgj—n(n_l) [XXij-2i"]/n(n-1)

=[ZiYj-Xi*]/n(n-1)
"M +1)yz n(n+1)(@n+1)y, gy

={( > 6
_(n+1)@n*-n-2) (n+1)3n+2)
- 12(n-1) 12

Cov( X;j, Xy ) = E(X;. % ) — E(X; JE(Xy)
_(n+1)(3n+2)_(n+1)2 B
N 12 2

h+t
12
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:2
n i n+1)(2n+1
E(Xﬁ)ZZ—=( )( )
i=1 N 6
n+1)(2n+1) (n+1)?
Var(x, )= E() - (E(xp)y = 2D _(0+D)
_(h+1)(n-1)
12
N (n+1)(n-1) (n+1)(n, -1)
Var(R, )=Var( X x:)=n —n, '
(R)=Var(2x;)=n = 1
_n(n+1)(n—n;)
12
n n —nN.
COV(Ri,RJ—):ZZKZCOV(X"-,XH): nn(n+1)
j=1i=1 12
Conclude that
Var(Ri):(n+1)(nn‘ n; ),Cov(Ri,Rj): n,nk(n+1).
12 12
nn,-n> -nn, . . —nn
2
-nn, nn,—n, . . —n,n,
Var(R):—n+1
12
-nn,  -n,n. . . onn —n?
Singular rank deficiency by 1.
Ny
(Var(R)™ =(Var(R)+nn' )*;add nn' wheren =|*
Ny
nn, 0 .0 o0
O nn, . 0 O
gen te o 212 pa
n+1 n(n+1) "
o o0 . . 0
O 0 . 0 nn
k
Recall X' DX = ZWiXiZ;
i=1
x:R—nTJrln; i.e. xi:Ri—nTJrlni; Wi:i
n

Progressive Academic Publishing, idpublications.org



International Journal of Academic Research and Reflection ol. 4, No. 2, 2016
ISSN 2309-040

n+1 n+1
12 |<(Ri_72 n )? 6k(Ri—72 n )’
Q_n(n+1)izzl n, & n—”ni
2

—> X&) d-f inthe central limit

The above result has demonstrated that Q has Chi-Square distribution with k-1 degree of
freedom.

CONCLUSION

We have presented two examples that related to Chi-Squared distribution. Both examples are
commonly used in elementary statistics. In Kendall M. and Stuart A. book[2] there are more
related theory and application in multinomial distribution. In Lehmann E.L. and D’Abrera
H.J.M. book [3] there are the richest source of theory and applications of nonparametric
statistics.
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