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ABSTRACT 

 

In this paper, we investigated the behavaior of the positive solutions of the difference 

equations system 
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where the initial conditions are positive real numbers.  

 

Keywords: Difference equations, difference equations systems, solutions, equilibrium point, 

behavior of solutions,  rational difference equations, systems of  rational difference equations. 

 

INTRODUCTION 

     

Recently, there has been great interest in studying difference equation systems. One of the 

reasons for this is a necessity for some techniques which can be used in investigating 

equations arising in mathematical models describing real life situations in population biology, 

economic, probability theory, genetics, psychology etc. There are many papers with related to 

the difference equations system for example, 

     

In [1] A. S. Kurbanlı, C. Çinar and I. Yalcinkaya, studied the behavaior of positive solutions 

of the system of rational difference equations 
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In [12] Cinar studied the solutions of the systems of difference equations 
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In [13] Papaschinnopoulos and Schinas studied the oscillatory behavior, the boundedness of 

the solutions, and the global asymptotic stability of the positive equilibrium of the system of 

nonlinear difference equations 
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In [24] Özban studied the positive solutions of the system of rational difference equations 



European Journal of Mathematics and Computer Science  Vol. 3 No. 1, 2016 
  ISSN 2059-9951 
 

Progressive Academic Publishing, UK Page 24  www.idpublications.org 

 1 11 ,  1n n
n n

n k n m n m k

x y
x y

y x y
 

   

   

 
In [29] Yalcinkaya studied the global asmptotic stability of the system of difference equations 
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In [30] Yalcinkaya,  Cinar and Simsek studied the global asmptotic stability of the system of 

difference equations 
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Also see reference. 

In this paper, we investigated the behavaior of the positive solutions of the difference 

equations system 
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where the initial conditions are positive real numbers. 

 

MAIN RESULTS 

Theorem 1.  Let  

0 1 0 1 0 1,  ,  ,  ,  ,    and 1,  1y a y b x c x d z e z f ad bc         

 be positive real numbers and let  , ,n n nx y z  be a solution of the system (1.1). Then all 

solutions of (1.1) are 

 

 

,
1(1.3)                                        

1 ,

n

n

n

d
n odd

adx

c bc n even




 


 

 

 

 

,
1(1.4)                                        

1 ,

n

n

n

b
n odd

bcy

a ad n even




 


 
 

 

  

   

,

(1.5)            
1 1

,
1 1

n

nn

f
n odd

ad bc
z

bc ad
e n even

ad bc bc ad





 

  
     

 

Proof.  n = 0, 1, 2 we have 

1
1

0 1 1 1

y d
x

x y ad





 
 

 



European Journal of Mathematics and Computer Science  Vol. 3 No. 1, 2016 
  ISSN 2059-9951 
 

Progressive Academic Publishing, UK Page 25  www.idpublications.org 

1
1

0 1 1 1

x b
y

x y bc





 
 

 

1
1

1 0 1 0

z f
z

x y y x ad bc



 

 
 

 

 
 0

2

1 0

1
11

1
1 1

x c c
x c bc

b bc bcy x
c

bc bc

    
 


 

 

 
 0

2

1 0

1
11

1
1 1

y a a
y a ad

d ad adx y
a

ad ad

    
 


 

 

0
2

0 1 0 1

1 1 1 1

z e e
z

b d bc adx y y x
c a

bc ad bc ad

  


 
   

 

   
  

  

   

1 1

1 1 1 1

1 1

e bc ade

bc ad ad bc bc ad ad bc

bc ad

 
 

     

 
 

For n =  3, 4 
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are true. Then for n = k + 1 will. Show that (1.3), (1.4) and (1.5) are true. From (1.1) we have  
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Corollary 1.  Let                         0 1,z e z f  , 1,ad  1bc   be positive 
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ad bc ad bc

 

   
   
    

      
 

         

 

       

1 1
lim lim

1 1 1 1
1 1 2

1 1 1 1

n n

n n
e e

ad bc ad bc

 

   
   
    
   
    

         

 

   

   

   

   

1 1 1 1
. , 2 1 , 2 1

1 1 1 1

1 1 1 1
.0, 1 0, 1

1 1 1 1

e
ad bc ad bc

e
ad bc ad bc

 
                

  
          
     

.

 

Corollary 2.  Let                         0 1,z e z f  , 1,ad  1bc   be positive 

real numbers and  , ,n n nx y z be a solution of the system (1.1). If 1 , 2ad bc   then we have    

2 1

, 0
lim

, 0
n

n

d
x

d




 
 

 
 

2 1

, 0
lim

, 0
n

n

d
y

d




 
 

 
 

2 2lim lim 0n n
n n

x y
 

 
 

and 

2 1lim 0n
n

z 


 , 
2lim 0n

n
z


 . 
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Proof:  From , , , , , ,a b c d e f 
 0 1, ,y a y b  0 1, ,x c x d  0 1,z e z f  , 1,ad 

1bc  , ad bc   and 1 2 0 1 1ad ad       
Hence, we obtain  

 lim 1 0
n

n
ad


 

 
1 2 0 1 1bc bc       

Hence, we obtain  

 lim 1 0.
n

n
bc


 

 
Then   

1 2 1 2 2 4ad ve bc ad bc        . 

Hence, we obtain 

 lim
n

n
ad bc


  

 
and 

1
0 1 1 1

1
ad

ad
      


, 

1
0 1 1 1

1
bc

bc
      


, 

1 1 1 1
1 1 2

1 1 1 1
ve

ad bc ad bc
          

   
, 

1 1 1 1
4 2 0

1 11 1 4
2

1 1

ad bc

ad bc

        
 

 
 

 

1
lim 0

1 1
2

1 1

n

n

ad bc



 
 

  
  

  

 

According to this 

   
2 1

, 01
lim lim lim .

, 01 1
n n n

n n n

dd
x d d

dad ad


  

 
     

   

   
2 1

, 01
lim lim lim .

, 01 1
n n n

n n n

bb
y b b

bbc bc


  

 
     

   
 

   
2 1

1
lim lim lim .0 0n n n
n n n

f
z f f

ad bc ad bc


  
   

 
 

   2lim lim 1 lim 1 .0 0
n n

n
n n n

x c bc c bc c
  

       

   2lim lim 1 lim 1 .0 0
n n

n
n n n

y a ad a ad a
  

       

       

2

1 1
lim lim lim .0 0

1 1 1 1
2 2

1 1 1 1

n n

n
n n n

z e e e

ad bc ad bc

  

   
   
      
      
          .
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Corollary 3.    Let                         0 1,z e z f  , 1,ad  1bc   be positive 

real numbers and  , ,n n nx y z be a solution of the system (1.1). If  , 1ad bc     then we 

have 

2 1 2 1 2 1 2lim lim lim lim 0n n n n
n n n n

x y z z  
   

     

2 2lim limn n
n n

x y
 

  . 

 

Proof:  From , , , , , ,a b c d e f 
 0 1, ,y a y b  0 1, ,x c x d  0 1,z e z f  , 1,ad 

1bc  , ad bc  , 1 1 2ad ad           and 1 2 0 1 1ad ad       
Hence, we obtain  

 
, odd

lim 1
, even

n

n

n
ad

n

 
  

   

and 

 
, odd

1 1 2 lim 1
, even

n

n

n
bc bc bc

n

 
             

 
, 

1 1 2ad ve bc ad bc               

 
,

lim
,

n

n

n odd
ad bc

n even

 
   

   

From this

 

1 1
1 2 0

2 1
ad

ad
       


, 

1 1
1 2 0

2 1
bc

bc
       


, 

1 1 1 1 1 1
0    0 1 0

2 1 2 1 1 1
and

ad bc ad bc
          

   
 

1 1 1 1
1 0 1 2 2

1 1 1 1ad bc ad bc
        

   

 
1 1 1

1 lim 0
1 1 1 12

2 2
1 1 1 1

n

n

ad bc ad bc



 
 

     
    

    

. 

According to this  

   
2 1

1
lim lim lim .0 0

1 1
n n n

n n n

d
x d d

ad ad


  
   

 
 

   
2 1

1
lim lim lim .0 0

1 1
n n n

n n n

b
y b b

bc bc


  
   

 
 

and 

   
2 1

1
lim lim lim .0 0n n n
n n n

f
z f f

ad bc ad bc


  
   

 
 

Similarly 

   2lim lim 1 lim 1
n n

n
n n n

x c bc c bc
  

     
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, 0

, odd , 0

, even , 0

, 0

n odd and c

n n even and c
c

n n odd and c

n even and c

  


     
  

     
  

 

   2lim lim 1 lim 1 .0 0
n n

n
n n n

y a ad a ad a
  

     
 

and
 

   

2

1
lim lim

1 1
2

1 1

n

n
n n

z e

ad bc

 

 
 
 
  
   

 

                           
   

1
lim .0 0

1 1
2

1 1

n

n
e e

ad bc



 
 
   
  
   

 

 

Corollary 4.    Let                         0 1,z e z f  , 1,ad  1bc   be positive 

real numbers and  , ,n n nx y z be a solution of the system (1.1). If  2 ,ad bc    then we have 

2 1 2 1 2 1 2lim lim lim lim 0n n n n
n n n n

x y z z  
   

     

2

, 0
lim

, 0
n

n

c
x

c

 
 

   

and

 

2

, 0
lim

, 0
n

n

a
y

a

 
 

 
. 

Proof:  From , , , , , ,a b c d e f 
 0 1, ,y a y b  0 1, ,x c x d  0 1,z e z f  , 1,ad 

1bc  , ad bc  . If  2 ad  , 2 bc  , 2 ad   then we have 

 2 1 1 lim 1
n

n
ad ad ad


          , 

 2 1 1 lim 1
n

n
bc bc bc


          , 

 2 2 4 lim
n

n
ad and bc ad bc ad bc


             

1
1 1 0 1

1
ad

ad
      

  
and 

1
1 1 0 1

1
bc

bc
      


, 

1 1 1 1
0 1 0 1 0 2

1 1 1 1
and

ad bc ad bc
       

   
 

1 1 1 1 1
2 2 4

1 11 1 4 2
2

1 1

ad bc

ad bc

       
 

 
 
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1
lim 0

1 1
2

1 1

n

n

ad bc



 
 

  
  

  

. 

According to this 

   
2 1

1
lim lim lim .0 0

1 1
n n n

n n n

d
x d d

ad ad


  
   

 
 

   
2 1

1
lim lim lim .0 0

1 1
n n n

n n n

b
y b b

bc bc


  
   

 
 

   
2 1

1
lim lim lim .0 0n n n
n n n

f
z f f

ad bc ad bc


  
   

 
 

Smilarly, 

   2

, 0
lim lim 1 lim 1 .

, 0

n n

n
n n n

c
x c bc c bc c

c  

 
       

 
 

   2

, 0
lim lim 1 lim 1 .

, 0

n n

n
n n n

a
y a ad a ad a

a  

 
       

   

and 

       

2

1 1
lim lim lim .0 0

1 1 1 1
2 2

1 1 1 1

n n

n
n n n

z e e e

ad bc ad bc

  

   
   
      
      
          . 

 

Corollary 5.    Let                         0 1,z e z f  , 1,ad  1bc   be positive 

real numbers and  , ,n n nx y z be a solution of the system (1.1). If  1 , , , , , 0a b c d e f    then 

we have 

2 1

, 0
lim

, 0
n

n

d
x

d




 
 

 
 

2 1

, 0
lim

, 0
n

n

d
y

d




 
 

 
 

2 2lim lim 0n n
n n

x y
 

 
 

and 

2 1lim 0n
n

z 


  

2lim 0n
n

z


  

Proof:  From , , , , , ,a b c d e f 
 0 1, ,y a y b  0 1, ,x c x d  0 1,z e z f  , 1,ad 

1bc  , ad bc  , 1 , , , , , 0a b c d e f    
Hence, we obtain  

1 , 0 0 1 1 1 0a d ad ad           , 

1
1 1 0 1

1
ad

ad
        


, 

1 , 0 0 1 1 1 0b c bc bc           , 
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1
1 1 0 1

1
bc

bc
        


, 

1 1 1 1
1  1 2

1 1 1 1
and

ad bc ad bc
             

   
 

1 1 1
0 2 0

1 11 1
2

1 1

ad bc

ad bc

        
 

 
 

 

1 , , , 0 0 1 0 1 0 2a b c d ad and bc ad bc             
According to this 

   
2 1

, odd1
lim lim lim

, even1 1
n n n

n n n

nd
x d

nad ad


  

 
   

   
 

   
2 1

, odd1
lim lim lim

, even1 1
n n n

n n n

nb
y b

nbc bc


  

 
   

   
 

and 

 
 

 
 

2 1

lim . , 0,1

lim

lim .0 0, 1,2

n
n

n
n

n
n

f
f ad bc

ad bc
z

f
f ad bc

ad bc









     


 
    
   

Similarly 

   2lim lim 1 lim 1 .0 0
n n

n
n n n

x c bc c bc c
  

       

   2lim lim 1 lim 1 .0 0
n n

n
n n n

y a ad a ad a
  

     
 

and 

  

   

  
  
   
  

2

1 1

1 1 1 1
lim lim lim

1 11 1

1 1

n

n

n
n n n

bc ad

bc ad bc ad
z e e

ad bc bc adad bc bc ad

bc ad

  

  
        
      
 

  

 

       

1 1
lim lim

1 1 1 1

1 1 1 1

n n

n n
e e

ad bc ad bc

ad bc ad bc

 

   
   
    

       
         

 

         
       

1 1
lim lim

1 1 1 1
1 1 2

1 1 1 1

n n

n n
e e

ad bc ad bc

 

   
   
    
       
         
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   

   

1
. , 0 1

1 1
2

1 1

1
.0, 1

1 1
2

1 1

e

ad bc

e

ad bc


  

 
 

 
   


     

   

   

1
, 0 1

1 1
2

1 1

1
0, 1

1 1
2

1 1

ad bc

ad bc


  

 
 

 
   


    . 

 

Theorem 2.  Let 0 1 0 1 0 1,  ,  ,  ,  ,    and 1,  1y a y b x c x d z e z f ad bc         

 be positive real numbers and let  , ,n n nx y z  be a solution of the system (1.2). Then all 

solutions of (1.2) are 

 

 

 

 

1

1

1

1

2 2 1
, odd

2 1 1

(1.6)            

2 1 1
, even

2 1

n

i

n

i

n n

i

n

i

d i ad
n

i ad

x

c i bc
n

i bc










    


     

 
      


     

 

 

 

 

1

1

1

1

2 2 1
, odd

2 1 1

(1.7)            

2 1 1
, even

2 1

n

i

n

i

n n

i

n

i

b i bc
n

i bc

y

a i ad
n

i ad










    


     

 
      


   

 

   

    

   

    

1

1

1

1

2 2 1 2 2 1
, odd

2 2 1 2 2 1

(1.8)            

2 1 1 2 1 1
, even

2 1 1 2 1 1

n

i

n

i

n n

i

n

i

f i bc i ad
n

bc i ad ad i bc

z

e i bc i ad
n

bc i ad ad i bc










          


            

 
            

           

 

Proof.  n = 0, 1, 2 we have 

1
1

0 1 1 1

x d
x

y x ad





 
 
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1
1

0 1 1 1

y b
y

x y bc





 
 

 

1
1

1 0 1 0

z f
z

x y y x ad bc



 

 
 

 

 0
2

1 0

1

1 2 1
1

1

c bcx c
x

by x bc
c

bc


  

 




 

 0
2

1 0

1

1 2 1
1

1

a ady a
y

dx y ad
a
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
  

 




 

0
2

0 1 0 1

1 1 1 1

z e e
z

b d bc adx y y x
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bc ad bc ad

  


 
   

 

   
  

  

   

1 1

1 1 1 1

1 1

e bc ade

bc ad ad bc bc ad ad bc
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 
 

     

 
 

and 

 
 

  
1

3

2 1

2 11 1 1
3 111 1 3 1

11
2 1 2 12 1 1

d d d
d adx ad ad adx

ad ada ady x ad add

ad adad ad

      
  


  

 

 
 
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1

3
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2 11 1 1
3 111 1 3 1

11
2 1 2 12 1 1

b b b
b bcy bc bc bcy

bc bcc bcx y bc bcb

bc bcbc bc

      
  


  

 

   
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3

1 2 1 2
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2 1 2 11 2 1 1 2 1

f f

z ad bc ad bcz
ad bca ad c bcx y y x d b

ad bcad ad bc bc

   
 


    

 

   
  

  

      
2 1 2 1

2 1 2 1 2 1 2 1

2 1 2 1

f
f ad bcad bc

ad bc bc ad ad bc ad bc bc ad

ad bc

  
      

 

 

 

for n = k assume that  

 

 

1
2 1

1

2 2 1

2 1 1

k

i
k k

i

d i ad
x

i ad






    


    

 

 

 

1
2

1

2 1 1

2 1

k

i
k k

i

c i bc
x
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



    


   
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 

 
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1

2 2 1

2 1 1

k

i
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i

b i bc
y

i bc






    


    

 
 

 

1
2

1

2 1 1

2 1

k

i
k k

i

a i ad
y

i ad





    


   
 

and 

   

    
1

2 1

1

2 2 1 2 2 1

2 2 1 2 2 1

k

i
k k

i

f i bc i ad
z

bc i ad ad i bc






          


           

 

   

    
1

2

1

2 1 1 2 1 1

2 1 1 2 1 1

k

i
k k

i

e i bc i ad
z

bc i ad ad i bc





          


           

 

 

are true. Then for n = k + 1 will. Show that (1.6), (1.7) and (1.8) are true. From (1.2) we have  

 

 

 

 

 

 

1

2 1 1
2 1

2 2 1

1 1

1 1

2 2 1

2 1 1

1
2 1 1 2 2 1

1

2 1 2 1 1

k

i

k

k i
k k k

k k

i i

k k

i i

d i ad

i adx
x

y x
a i ad d i ad

i ad i ad



 




 

 

    

    
 

   
             

  
              

 

           

 

 

 

 

 

 
 

1 1

1 1

2 2 1 2 2 1

2 1 1 2 1 1

2 1
1

2 1 2 1

k k

i i

k k

i i

d i ad d i ad

i ad i ad

ad k adad

k ad k ad

 

 

           

           
 

    
   

      

    

    

 

 

1

1 1

1

1 1

2 2 1 2 1 2 2 1

2 1 1 2 1 1 2 1 1

k k

i i

k k

i i

d i ad k ad d i ad

i ad k ad i ad



 



 

            
 

             

 

 

 

 

 

 

 

1

2 1 1
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2 2 1

1 1

1 1

2 2 1

2 1 1
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1

2 1 2 1 1

k

i

k

k i
k k k

k k

i i
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i i

b i bc

i bcy
y

x y
c i bc b i bc

i bc i bc



 




 

 

    

    
 

   
             

  
              
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 

 

 

 

 

 
 

1 1

1 1

2 2 1 2 2 1

2 1 1 2 1 1

2 1
1

2 1 2 1

k k

i i

k k

i i

b i bc b i bc

i bc i bc

bc bc k bc

k bc k bc

 

 

           

           
 

 


   
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 
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
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