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ABSTRACT

In this paper, we investigated the behavaior of the positive solutions of the difference
equations system

_ yn—l y — Xn—l — Zn—l
B A A T
and
Xowa = ot v Yo = Yoo v Lo = ot
YoXos +1 XoYng 1 o1 Y + YoiXs

where the initial conditions are positive real numbers.
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INTRODUCTION

Recently, there has been great interest in studying difference equation systems. One of the
reasons for this is a necessity for some techniques which can be used in investigating
equations arising in mathematical models describing real life situations in population biology,
economic, probability theory, genetics, psychology etc. There are many papers with related to
the difference equations system for example,

In [1] A. S. Kurbanli, C. Cinar and 1. Yalcinkaya, studied the behavaior of positive solutions
of the system of rational difference equations
— Xn—l = L

yn Xn—l +1 e Xn yn—l +1

n+l

In [12] Cinar studied the solutions of the systems of difference equations
1 Yo

Xn+l =T yn+l =

yn Xnflyn—l .
In [13] Papaschinnopoulos and Schinas studied the oscillatory behavior, the boundedness of
the solutions, and the global asymptotic stability of the positive equilibrium of the system of
nonlinear difference equations

X
= A+ Yo v Yoy =A+——,n=0,1,...p, Q.
n-p n-q
In [24] Ozban studied the positive solutions of the system of rational difference equations

X

n+1
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X
L :l+_n’ yn+l :1+L
n—-k Xn—m yn—m—k
In [29] Yalcinkaya studied the global asmptotic stability of the system of difference equations

Xn

+.

_tz,.,+a ozt +a

t vz, z +t
In [30] Yalcinkaya, Cinar and Simsek studied the global asmptotic stability of the system of
difference equations

n+l n+l

; _ Ltz P
n+1 tZ +a n+1

n“n-1

z,+t
Zt

nn-1 +a
Also see reference.
In this paper, we investigated the behavaior of the positive solutions of the difference

equations system

yn—l Xn—l Zn,1
(11) Xn+1 = yn+1 == Zn+1 =
Xn yn 1 +1 Xn yn 1 +l Xn—lyn + yn—an
_ Xn—l y _ yn—l _ Zn—l
n+l n+l n+l
(1_2) ynXH +l , Xn yn 1 +l Xn—lyn + yn—lxn

where the initial conditions are positive real numbers.

MAIN RESULTS
Theorem 1. Let

Yo=a, Y ,=b x,=¢,x,=d,z,=e,z,=f andad #1 bc=1
be positive real numbers and let {x.,y,,z,} be a solution of the system (1.1). Then all
solutions of (1.1) are

94 h_odd

(1.3) x =1 (ad-1)
c(bc-1)", n—even
b ~, n-odd

(L.4) y, =1 (bc-1)

a(ad-1)", n-—even
f

m— n—odd
w5 o (ad +bc)
| " (oc-1)(ad-1) |
e , N—even
ad (bc—1)+bc(ad -1)

Proof. n=0, 1, 2 we have
= yil = d
XY, ,+1 ad-1

%
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X, b
y1= =
XY,+1 bc-1
- z, . f
bOX,Y,+Y.X ad+hbc
X c c
X, = — = =c(bc-1
*yx-1 b, be—(bc-1) (bc-1)
bc-1
a
= = =a(ad -1
xYo-1 d . 4 ad —(ad -1) ( )
ad -1

e e
XY+ Yok o b ta d bc ad

bc-1 ad-1 bc—lJr ad -1

~ _ e(bc-1)(ad-1)

- be(ad -1)+ad(bc—1) bc(ad -1)+ad (bc-1)
(bc-1)(ad -1)

e

Forn= 3,4
d

o= ad -1

3 _1 d

y2X1 a(ad —1) d

d d

— ad -1 — ad _1=d(ad _1)2
1 (ad-1) 2 g ad-l

1 ad -1
b b

bc-1 _bc-1 b

a i
b
y, = Y1 _ bc-1
3

XY, —1 c(bc—l) b

1 (be-1) ¢ g be=l (be-1)’
bc-1 bc-1

f
4L ad +bc
XY, +Yi%, ( d

Ny« 12 etoe-)

f e
_ ad +bc _ad+bc
[ad (ad -1) J{bc(bc—l)

~ad+bc (ad +bc)2
ad -1 bc-1

Z3

for n = k assume that

d
(ad -1)'
c(bc-1)", k-even
b

— 2 k-odd
Yo = (bC—l)

a(ad —1)k . k—even

, k—odd

Pa
=
Il

and
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f
(ad +bc)k ’

(bc-1)(ad-1) '
ad (bc—1)+bc(ad —1)} » k—even

k —odd

Z, =

are true. Then for n =k + 1 will. Show that (1.3), (1.4) and (1.5) are true. From (1.1) we have

d d
Xoka (ad _1)k (ad _1)k d
Xoks1 = = d = kil
YoXo s —1 a(ad —1)k c ad -1 (ad _1)
(ad -1)
b b
y _ Yok _ (bC—l)k _ (bC—l)k b
k+1 — - - +
e Xy Yara —1 C(bC—l)k b -1 bc-1 (bC—l)k !
(bc-1)
Also, smilarly from (1.1), we have
f
Zys (ad +bc)k
Z2k+1 = = d b
Xok-1 Yok t YakoaXok - a(ad __‘]_)k + - C(bC—l)k
(ad -1 c-1)
B
(ad+be)t
~ ad+hc (ad +bc)k+1
Also, we have
~1)" ~1)" ~1) .
X2k+2 = X2k - b C(bc ) = C(EE ) = C(bcl ) =C(bC—1)k !
Yoo —1 7c(bc _1)k -1
(bc-1)" (bc-1) (bc-1)
a(ad -1)' a(ad-1) a(ad-1)' .
P T L 1
Xapi Yo —1 —— ;a(ad _1)k 1 1
(ad-1)"" (ad-1) (ad-1)
and

5 (bc—1)" (ad -1)"
. Z, ) [ad (bc—1)+bc(ad ~1) |

Xoi Yok T Yo Xoka C(bC _1)k (bc_b1)k+1 + a(ad _1)k (adfl)kﬂ
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3 (bc-1)" (ad -1)" 3 (bc-1)* (ad -1)° . (bc-1)" (ad -1)"
[ad (bc-1)+be(ad -1)] [ad (be-1)+be(ad 1) [ad (be-1)+be(ad 1)
be | ad ~ be(ad-1)+ad(bc-1) bc(ad-1)+ad(bc-1)
(bc-1) (ad-1) (bc—1)(ad -1) (bc—1)(ad -1)

BECENCE) [ (bc-1)(ad -1 j

[ad (bc 1)+ be(ad _1)]k bc(ad —1)+ad (bc-1)

e (bc—1)k+1(ad_1)k+1 _{ ((bc—l)(ad—l) Jku
d

[ad (be—1)+be(ad -1)]™* | | ad (be~1)+be(ad -1

Corollary 1. Lety,=a,y_1 =b,xo=c¢,x_1=Db, z,=¢,z,=f, ad=1, bc=1 be positive
real numbers and {x,,y,.Z,} be a solution of the system (1.1). If 0<a,b,c,d <1 then we have
limx,, ,=limy, , = {_OO’ n—odd
n—e N—o +00, N-—even
im s = im0 =0
and

i o , ad+bce(0,1)
1710, ad+hce(1,2)

w, —2< 1 + 1 <-1

ad -1 bc-1
limz, = (ad-1) (bc-1)
n—oo 1 1
0, -1< + <0
(ad-1) (bc-1)
Proof: From abcdefel”, y,=a,y,=b, x,=Cc,x,=d,z,=e,z,=1, ad=#1
bc#1, ad#-bc and 0<a,d<1l=0<ad <1=-1<ad-1<0.
Hence, we obtain

-l<ad-1<0= -1<

<,
ad -1

O<b,c<l=0<bc<l= -1<bc-1<0,

-1<bc-1<0=> -1<

< oo,
bc-1

<oove —1< <o = —2< ! +
ad -1 bc-1 ad -1 bc-1

0<2+ + <o =0< 1 <

ad -1 bhc-1 1 1

-1< <00

O<a,b,c,d<l1=>0<ad<lveO<bhc<l=0<ad+bc<?2
1 e n-odd
" |40, n—even

lim xzn_lzlim( dd 1)n =dlim
n—w n-w (ad —
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—c0, N-—odd
|imy2n1=|ian=b|im%={ *
n—w n—w (bC _1) n—oo (bC _l) +00, N-—e€ven
and
i f . 1
lim———— = flim————= foo=o0, ad+bce(0,1)
_ = (ad +hc = (ad +hbc
limz,, , ‘ 1
lim———— = flim————=f.0=0, ad+bce(L2)

Smilarly, we have
limx,, =limc(bc-1)" =clim(bc-1)" =c.0=0

n—oo nN—o0 n—o0

limy,, =lima(ad -1)" =alim(ad -1)' =a.0=0

Nn—o

and

n

bc-1)(ad -1)

(
(bc—1)(ad -1)
(

(bc—1)(ad 1)

limz,, =lime =elim
s 2" noe | ad (be—1)+be(ad 1) n-=| ad (bc—1)+bc(ad 1)
bc-1)(ad -1)
=elim 1 =elim !
~ Tnos| ad LC ~ Tnos| ad —1+1 hc-1+1
(ad-1) (bc-1) (ad-1)  (bc-1)
=elim ! =elim !
oo 1 1 o 1 1
1+ +1+ 2+ +
(ad-1) ~ (bc-1) (ad-1) (bc-1)
1 1 1 1
0, =2 1 Jo,-2<—— 4 <1
S T @) o1 - |7 T (ad 1) (be1)
B 1 1 B 1 1
.0, -1 0, -1
S T ad-1) Toe-1) "7 S (ad-1) (be-1)

Corollary 2. Lety,=a,y_1 =b,xo =c¢,x_1=b, z,=¢,z,=f, ad=1, bc=1 be positive
real numbers and {x,,y,.z,} be a solution of the system (1.1). If 1<ad,bc <2 then we have
limx,, , = {_OO’ d<0
n—o 400, d>0
limy,, , = {_OO’ d<0
n—oo +o0, d>0
im>g, = limy;, =0
and
limz, ,=0, rI}i_r)r;zzh =0.

N—o0
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Proof: From ab.cde fel”, y,=a,y,=b, x,=c,x,=d,z,=e,z,="1, ad=#1,
bc#1, ad #-bc and 1<ad <2 = 0<ad-1<1
Hence, we obtain

lim(ad -1)" =0
l<bc<2=0<bc-1<1
Hence, we obtain
lim(bc-1)" = 0.
Then
l<ad<2vel<bc<2=2<ad+bc<4.

Hence, we obtain
lim(ad +bc)" = oo

n—o

and

O<ad-1<1=1<

O<bc-1<1=>1<

=4<2+ + <o =0< <

1
ad -1 bhc-1 1,1 4
ad -1 bc-1

n

. 1
= lim 1 1|0

2+ +
ad-1 bc-1

According to this
-0, d<0
IlszHl—Ilan:dllm#n:dw:{ 0 <

">+ (ad 1) "> (ad —1) 40, d>0

lim y,,,, = lim ~blim __ oo:{_oo’ b<0

N> (bc 1) “*‘”(bc—l) +0, b>0
I|m N2y, = I|m;_ _r . =f.0=0

"= (ad +bc)’ (ad +bc)’
|ImX2n—|ImC(bC 1)’ =clim(bc-1)" =c.0=0
(

n—o0

I|my2n_I|ma(ad ~1)" =alim(ad -1)" =a.0=0

nN—o

n n

limz,, =lime 1 7| ~elim 1 | =e0=0

Progressive Academic Publishing www.idpublications.org



European Journal of Mathematics and Computer Science Vol. 3 No. 1, 2016
ISSN 2059-9951

Corollary 3. Lety,=a,y_1=b,xg=c,x_1=b, z,=e,z,=f, ad=1 bc=1l be positive
real numbers and {x,,y,.z,}be a solution of the system (1.1). If - <ad,bc<-1 then we
have
limx,, ,=limy, ,=limz, ,=limz, =0
limx,, =limy,, =o.
Proof: From abcdefel”, y,=a,y,=b, x,=c,x,=d,z,=e,z,=f, ad =1,
bc#1, ad#-bc, ~—v<ad<-1 = —w<ad-1<-2 andl<ad <2 =0<ad-1<1

Hence, we obtain

n |—o0, n-—odd
lim (ad —1) ={ ”
n—e +00, nN-—even
and
. |—o0, n-odd
—o<bc<-1 = —o<bc-1<-2=lim(bc-1) :{ > ,
n—e +o00, n-—even
—wo<ad <-1ve —oo<bc<-1= —w<ad+hbc<-2
. [=o0, n-—odd
= lim(ad +bc) ={
n—oo +00, nN—even
From this
—oo<ad—1<—2:>—l< <0,
2 ad-1
—oo<bC—l<—2:>—1< 1 <0,
2 bc-1
—1< 1 <0 and —1< 1 <0=> -1< 1 + 1 <0
2 ad-1 2 bc-1 ad -1 bc-1
-1< 1 + 1 <0=>1<2+ 1 + 1 <2
ad -1 bc-1 ad -1 bc-1
= =< 11 T <1=lim 11 1 =0.
2 2+ + T2+ —— 4
ad -1 bc-1 ad -1 bc-1
According to this
Iimx2n_1=lian=dIim;n=d.0=0
n—oo n—oo (ad _1) n—oo (ad _1)
limy,, , =lim b —=Dblim 1 -=b.0=0
n—w n—w (bC _1) n—w (bC _l)
and
Iim22n_1=lim;n:fIim;n=f.0=0
n—> "~ (ad +hbc) "~ (ad +hbc)
Similarly

lim x,, =limc(bc—1)" =clim(bc—1)"

n—oo

Progressive Academic Publishing www.idpublications.org
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—o0 , n—odd and ¢>0
[ n-odd _ |0, n—even andc<0
_0{4—00, n—even |+ , n—odd and ¢c<0
+o0 , N—even and ¢ >0

limy,, =lima(ad -1)" =alim(ad -1)' =a.0=0

n—owo n—w

and
: . 1
im, =lime| ———
(ad-1) (bc-1)
=elim ! =e.0=0
N> 1 1
2+ +
| (ad-1) (bc-1)

Corollary 4. Lety,=a,y_1=b,xg=c¢,x_1=Db, z,=e,z,=1, ad=1 bc=1 be positive
real numbers and {x,,y,.z,} be a solution of the system (1.1). If 2<ad,bc < then we have

limx,, , =limy, ,=limz, ,=limz,, =0
n—o0 n—o0 n—o0 n—o

. +o00, €>0
limx,, =
n—> -0, €<0
and
l +o0, a>0
im = )
n—w y2" -0, a< 0

Proof: From abcdefel”, y,=a,y,=b, x,=c,x,=d,z,=e,z,="F, ad=]
bc=1, ad#-hc. If 2<ad <o, 2<bc<oo, 2<ad <oo then we have
2<ad <o :>1<ad—1<oo:Iim(ad—1)n:oo,

N—o0

2<bc<oo =1<hbc-1<oo =lim(bc-1)" =00,

Nn—o0

2<ad <wand 2<bc<ow = 4<ad +bc <= Iim(ad +bC)n =0

n—o0o

<1,

<land1<bc-1<w =0<
ad -1 bc-1

1 <land 0< <1=>0< + 1 <2
ad -1 bc-1 ad -1 bc-1
1 1 1 1

+ <4 = =< <=

ad-1 bc-1 4 94 1 N 1 2

ad -1 bc-1

l<ad -1l<ow =0<

0<

= 2<2+
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= lim L =0
n—o 1 1
2+ +—
ad-1 bc-1
According to this
limx,, , = lim—9— —dlim—~t— =d.0=0
n—> "~ (ad -1) "~ (ad -1)
limy,, , =lim —=Dblim L —=0b.0=0
n—w n—w (bC _1) n—w (bC _1)
. . f . 1
limz, , =lim———=flim———=1.0=0
N "~ (ad +hbc) "= (ad +hbc)
Smilarly,
: . n . n 400, €>0
limx,,, = !mc(bc—l) :cim(bc—l) =C.0 ={_oo’ g
: : n : n +o, a>0
limy,, = !ma(ad -1) = alm(ad -1) =a® ={_OO’ 420
and
limz,, =lime L =elim 1 =e0=0
nN—o0 n n—w 1 1 n—o 1 1
2+ + 2+ +
(ad-1) (bc-1) (ad-1) (bc-1)

Corollary 5. Lety,=a,y_1=b,xg=c¢,x_1=Db, z,=¢,z, =1, ad=1 bc=1 be positive
real numbers and {Xx,.Y,,z,} be a solution of the system (1.1). If -1<a,b,c,d,e, f <0 then
we have

. -0, d<0

limx,, , =

n—>o 400, d>0

lim oo, d<0

1= 0, d >0

limx,, =limy, =0
n—oo n—oo
and
limz,, , =0
n—
limz,, =0

Proof:  From abcde fel, y,=a,y,=b, x,=c,x,=d,z,=e,z,="1, ad=1
bc#1, ad#-bc, -1<a,b,c,d,e, f <0
Hence, we obtain

-l<a,d<0=>0<ad<l1=> -1<ad-1<0,

-l<ad-1<0= -1<

<o,

ad -1
-1<b,c<0=0<bc<l= -1<bc-1<0,
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-1<bc-1<0= -1< <0,
bc-1
-1< <o and —-1< <o=>-2< 1 + <
ad -1 bc-1 ad -1 bhc-1
0<2+ + <o =0< 1 1 <o
ad-1 bc-1 2. "
ad -1 bhc-1
-l1<a,b,c,d<0=0<ad<land O<bc<l=0<ad+bc<?2
According to this
] . d . 1 +00, n-—odd
limx,, , =lim —=dlim - =
n—oo n—>oo(ad _1) n—>°0(ad _1) —o0, N-—even
. . . 1 +00, n-odd
limy, , =lim —=Dblim — =
n—w naoo(bc_l) n—w (bC—l) —00, N-—even
and
Iim%: foo=-o, ad+bce(0,1)

_ "> (ad +bc)

limz,, , = ¢

=f.0=0, ad+bc,e(1,2)

lim—— =
"> (ad +hbc)

Similarly
limx,, =limc(bc-1)" =clim(bc-1)" =c.0=0
limy,, =lima(ad -1)" =alim(ad -1)" =a.0=0
and
(bc-1)(ad -1) "
limz, =lime (bc—l)(ad _1) =elim (bc 1)(ad _1)
N > | ad (bc—1)+bc(ad -1) n>=| ad (bc—1)+bc(ad —1)
(bc—1)(ad -1)
=elim ! =elim !
- n—w ad n bc B n—»| ad —1+1+bC—1+1
(ad-1) (bc-1) (ad-1) (bc-1)
=elim L =elim !
- n—o 1 l nN—o0 1 l
1+ 2+ +
(ad-1) (bc-1)
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1
goo, 0O< . 1 . 1 <1
(ad-1) (bc-1)
e0, 1< 1 1 1 <o
2+ +
(ad-1) (bc-1)
-0, 0< 1 ! 1 <1
2+ +
(ad-1) (bc-1)
0, 1< 1 1 1 <
2+ +
(ad-1) (bc-1)
Theorem 2. Let y,=a,y,=b, X,=¢, X, =d, z,=¢,z,=f andad #1, bc#1

be positive real numbers and let {xn,yn,zn} be a solution of the system (1.2). Then all

solutions of (1.2) are

d1[(2i-2)ad +1]
, n—odd
H[ 2i-1)ad +1]
1.6) X =9 .
clI[(2i-1)bc+1]
= , N—even
1] (2i)be +1]
bIT|(2i-2)bc+1
H[@-geeet] -
_H[ 2i~1)bc+1]
(€.7) Yo =
an[ 2i-1)ad +1]
, N—even
1"{[ (2i)ad +1]

fI1[ (2i-2)be+1][ (21 -2)ad +1] .
[1{be[ (2i-2)ad +1]+ad[(2i-2)bc-+1]}
(1.8) z,=4"
GH[(ZI )bc+1][(2i-1)ad +1]
iliil{bc[ 2i—1)ad +1]+ad[(2i-1 bc+1]},

Proof. n=0, 1, 2 we have
X, _ d

yoX,+1 ad+1

X1:

www.idpublications.org]
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D SUN.
Vi = =
XYy,+1 bc+l

Z, _ f
XY, +Y.X ad+bc
c  c(bc+l)
 2bc+1

Z =

XO
X, = =
Yok +1 ——cC+1
bc+1
Y a _a(ad+1)
XY+l d 0 2ad+l
ad +1
L b e _ e
Doty o Do d 0 be  ad
bc+1 ad+1 bc+l ad+1
e e(bc+1)(ad +1)

“be(ad +1)+ad (bc+1) bc(ad +1)+ad (bc+1)
(bc+1)(ad +1)

Y

and
d d d
X, = X ad +1 __ad+1 _ ad+1 _ d(2ad +1)
y,x,+1 a(ad+1) d .\ ad , 3ad+1l (ad+1)(3ad+1)

2ad +1 ad +1 2ad +1 2ad +1

b b b
=¥ ___borl  _ bcsl _ bosl _  B(20c+])
X, Y, +1 c(bc+l)LJr bc _, 3boc+1l (bc+1)(30c+1)
2bc+1 bc+1 2bc+1 2bc+1
f f
4 ad +bc _ ad +bc

ZS:X1y2+y1X2: d a(ad +l)+ b c(bc+l)  ad be

+
ad+1 2ad+1 bc+1 2bc+1 2ad+1 2bc+1

f
ad +bc f (2ad +1)(2bC +1)

~ad(2bc+1)+bc(2ad +1) (ad +hbc)(ad (2bc+1)+bc(2ad +1))
(2ad +1)(2bc+1)

for n = k assume that
d [1[(2i-2)ad +1]

i=1

[ (2i-1)ad +1]

i=1

X2k—1
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b_ﬁ[(zu 2)be+1]
Yakr =i

[1[(2i-1)bc+1]

|k=1

all[(2i-1)ad +1]
Yoo =—5

ﬁ[(m ad +1]

and
f i]ﬁ[(Zi ~2)bc+1][(2i-2)ad +1]

_ﬁ{bc[(zi ~2)ad +1]+ad[(2i-2)bc+1]}

i=1

e_ﬁ[( 1)bc+1][(2i-1)ad +1]

ZZk

ﬁ{bc[ 2i-1)ad +1]+ad[(2i-1 bc+1]}

i=1

are true. Then for n =k + 1 will. Show that (1.6), (1.7) and (1.8) are true. From (1.2) we have
k
dII[(2i-2)ad +1]

X . H[ 2i-1)ad +1]
T aH[(Z' Jad +1] dg[(2i-2)ad+1] »
M[(2)ad +1] || TI[(2i-1)ad +1]
dﬁ[ 2i—2)ad +1] dﬁ[ 2i—2)ad +1]
ﬁ[(ZI )ad +1] H[ (2i-1)ad +1]
( ad J+1 [ad+(2k)ad +1J
(2k)ad +1 (2k)ad +1
dﬁ[( 2)ad +1]((2k)ad +1) dH[( 2)ad +1]
:ili (2i-1)ad +1]((2k+1)ad +1)_ E[( i-1)ad +1]
biﬁl[(zi—z)bcﬂ]
s ili[(Zi—l)le]
2 Yok +1 cilj[(Zi—l)bc+1] bﬁ[(zi—z)bcﬂ] .

M[(2i)be+1] || TI[(2i-1)be+1]
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bili[(zi—z)bcu] bilj[(Zi—Z)bc+1]

ili[(Zi—l)bc+1] ﬁ[(Zi—l)bc+l]
~bc . bo(2k)be+l
[(2k)bc+1] (2K)bc+1

_bili[(Zi—Z)bc+1]((2k)bc+l) bﬁ[(Zi—z)bcH]

f{[(Zi—1)bc+1]((2k+1)bc+1) ﬁ[(Zi—l)bcH]
T1[(2i~1)be+1]
Xy ilﬁ[(Zi)bcﬂ]
X 1 [bﬁ[(zi2)bc+1]J[cf{[(2i1)bc+1]}1
ﬁ[(Zi—l)le] ilj[(Zi)bc+1]

X

cili[(Zi—l)bCJrl] cili[(Zi—l)bCJrl]

f{[(Zi)bcH] f{[(Zi)bcH]
T ke " be+(2k+1)bc+1

[(2(k+1)-1)bc+1] o [(2k+1)bc+1]

) cili[(Zi ~1)bc+1][ (2k +1)bc+1] ) cﬁ[(Zi ~1)bc+1]

ﬁ[(Zi)bc+1][(2k+2)bc+l] ﬁ[(Zi)bc+l]

i=1
a_ﬁ[(Zi ~1)ad +1]
|=i :
Voo g[(zu ad +1]

)
ST d tljll[(zi ~2)ad +1] ailj[(zi ~1)ad +1] 1
tlj[(Zi—l)ad +1] ilj[(Zi)ad +1]

af{[(Zi ~1)ad +1] af{[(Zi ~1)ad +1]

f{[(zi)ad +1] ﬁ[(Zi)ad +1]
N ad - ad7+(2k+1)ad +1
[[(2k+1)ad +1]J+ (2k+1)ad +1

) aili[(Zi ~)ad +1][(2k+1)ad +1] aﬁ[(Zi ~1)ad +1]

ﬁ[(zi)ad +1][(2k+2)ad +1] i ﬁ[(zi)ad +1]

i=1 i=1
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and
ZZk—l
X2k—1y2k + y2k—1X2k

Ly =

f ilj[(Zi -2)bc+1][(2i—2)ad +1]

) 1 [1{be[(2i-2)ad +1]+ad[(2i-2)be+1]}
i dﬁ[ 2i-2)ad +1] an[ (2i-1)ad +1] blf[l[(zi—z)bcu] cilj[(zi-l)bcu]
n[ (2i-1)ad +1] n[ (2i)ad +1] E[(Zi—l)bc+l] ilj[(Zi)bc+1]

f H[ 2i—2)bc+1][(2i-2)ad +1] f ilj[(Zi ~2)bc+1][(2i-2)ad +1]

ﬁ{bc[m 2)ad +1]+ad [ (2i-2)bc+1]} ilj{bc[(Zi—Z)ad+1]+ad[(2i—2)bc+1]}

a - a + [o —<Z)bC+ : ad be
d{{[( Jad +1] P %[[(Zi)bc):] 1]] [[(zk)ad+1]J+[[(2k)bc+1]]

ili[(Zi)ad +1]

f i]ﬁ[(Zi —2)bc+1][(2i-2)ad +1]

i]i{bc[(Zi—Z)ad+1]+ad[(2i—2)bc+l]}
~ad[(2k)bc+1]+bc[(2k)ad +1]

[(2k)ad +1][(2k)bc+1]

fT1[(2i - 2)be +L][(2i-2)ad +1](2K)ad +1][ (2K b +1]

ﬁ{bc[(zu 2)ad +1]+ad[(2i-2)bc+1]f{ad[ (2k)bc+1]+bc[ (2k)ad +1]}

i=1

fH[(zi—2)bc+1][(2k)bc+1][( 2)ad +1][ (2k)ad +1]
ﬁ{bc[(zu 2)ad +1]+ad [ (2i-2)bc+1]f{bc[ (2k)ad +1]+ad[ (2k)bc+1]}

=1

_ tH[(2-2)be+][(2i-2)ad +1]

[1{be[(2i~2)ad +1]+ad[(2i-2)bc-+1]}

ZZk

Z

2%k+2 =
ok Yok T Yo Xokn

eH[ (2i-1)bc+1][(2i-1)ad +1]

lﬁ{bc[ 2i-1)ad +1]+ad[(2i-1) bc+1}}

C.ﬁ[( i-1)bc+1] le:[ll[( - bc+l] a 1[ (2i-1)ad +1] dH[ (2i-2)ad +1]
M[(2i)be-+1] i (2i-1po+1] | M(2i)ad +1] || TI[(2i-1)ad +1]

i=1 =1
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e_ﬁ[ 2i-1)bc+1][(2i-1)ad +1] eﬁ[( i-1)bc+1][(2i-1)ad +1]

fl{bc[ 2i-1)ad +1]+ad[ (2i- bc+1] ﬁ bc[ (2i-1)ad +1]+ad[(2i- bc+1]}

bcﬁ[(zu Dbc+1]| | ad H[ (2i-1)ad +1] ad
G + [(2K+1 bc+1] | [(2Kk+1)ad +1]
[1[(2i-1)bc+1] H[ 2i-1)ad +1]

Kk

el'[[ (2i- bc+1][ (2i- ad+l]

{bc[ (2i-1)ad +1]+ad[(2i-1)bc+1]}

- bc[ (2k +1)ad +1]+ad [ (2k +1)bc+1]

[(2k +l)bc +1][(2k +1)ad +1]

e[ (2i~1)bo +L][(2i ~1)ad +1][(2k +1)be + ][ (2K +1)ad +1]

Q{bc[ (2i-

ad +1]+ad[(2i-1)bc+1]} {be[ (2k +1)ad +1]+ad[(2k +1)bc +1]}

i=1

ﬁ{bc[

i=1

1) (
e T1[(2i~1)be-+1][ (2k +1)be-+1][(2i~1)ad +1][ (2k +1)ad +1]
-1) (

ad +1]+ad[(2i-1)bc+1]} {be[ (2k +1)ad +1]+ad[ (2k +1)bc +1]}

ekf[[ 2i— bc+1][ (2i- ad+1}

{bc[ (2i-1)ad +1]+ad[(2i-1 bc+1}}
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