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ABSTRACT

A second order anti-periodic nonlinear impulsive integrodifference equation within the frame
of g, -quantum calculus is investigated by applying using fixed point theorems. The

conditions for existence and uniqueness of solution are obtained.
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INTRODUCTION

The qg-—-calculus was initiated in twenties of the last century. However, it has gained

considerable popularity and importance during the last three decades or so. Their study has
not only important theoretical meaning but also wide applications in conformal quantum
mechanics, high energy physics, etc. We refer the reader to recent articles [1-7]. Recently, in
[8], authors research first order nonlocal boundary value problem for nonlinear impulsive

g, —integrodifference equation and in [9], authors research existence of solutions for a class
of anti-periodic boundary value problems with fractional g-difference equation.

On this line of thought in this paper, we study the existence and uniqueness of solutions for
second order nonlinear ¢, —integrodifference equation with nonlocal boundary condition and
impulses:

D, “u(t) = f(t,ut) + 1,9t u), 0<gq <ltel,

Au(t,) =1, (u,)), t, €(0J),
D, u(t,)—D, u(t) =L (ut)), k=12, p p+1, 1)
u(0")=-u@),

D, u(0") = -Dun(l‘) ,

i Iq are q,—derivatives and ¢, —integrals (k=01---, p+1), respectively.
f,geC(UxR,R) I,,heC(R,R),J=[01],0=t, <t <t, <---<t <t , =1,
3 =0\ttt |, Au(t,) =u(t))—u(ty) -
Where u(t,) and u(t,) denote the right and the left limits of u(t) at t=t (t=12,---, p),
respectively.

where D,
k b
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PRELIMINARIES

Let us set J,=[0t,],J, =(t,t,),---, 3, ,=(t,,,t,],J,=(t, 1] and introduce the space:

PC(J,R)={u:J > RJueC(tt,],k=0,1---, p,and x(t; ) and x(t, ) exist with
X(t) = x(t),k =12,--, p}. )
And

PCl(J,R)z{u ePC(J,R),D, (tk*), D, (tk’) exist and D, x(t) is left continuous at t,, for
k=12,--,p}, where J=[01], note that PC'(J,R) is a Banach space with the norm

} . 3)

”u“PC1 :SupteJ {”u”PC ,HDqu PC

Definition a function ue PC*(J,R) with its derivative of second order existing on J is a
solution of (1) if it satisfies (1).

For convenience, let us recall some basic concepts of ¢, — calculus (J. Tariboon et al, 2013).
For 0<q, <1 and teJ,, we define the q, —derivatives of a real valued continuous
function f as

Dq f ( ) — f (t) f (qkt + (1 qk)tk) ,
‘ @-g)(t-t) (4)
D, f (t,)=limD, f(1).

Higher order 0 —derivatives are given by

D; f(t)= f(t) Dy f(t):Dqugk’lf(t)’ neN,tel, ©)
The 0, —integral of a function f is defined by

t
tqukf(t):zj'Ik f(s)d,s=(1-q,)( qu (qft+(l—q£)tk)’ tede (9

Provided the series converges. If ae(t,,t) and f is defined on the interval (t,,t), then

I;f(s)qus:j: f(s)qus—ff s)d_s -
Observe that

D, (tqukf(t)=D ff(s)d s=f()
Mo (D T (1)) = ij s)d, s=f(t)-f(t) ®)

t
o (Dqkf(t)):J.a D, f(s)d,s=f()-F(a) ac(t.t),
For teJ,, the following reversing order of U« — integration holds
t S t ot
jt k jt f()d,,rd, 5= jt k jquMUtk f(r)d, sd, r 9)
Note that if t, =0 and g, =q in (4) and (6). Then D, f _qu’t o f=ol, f . where D, and

olq are the well-known q— derivative and q-— integral of the function f(t) defined by
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f()-f(q)
D, T (1) = l—q)t (10)
t 00
olof O =] (91,5 =2 ta-a"f (10",

Lemma 1. For given y, €C(J,R), the function uePC*(J,R) is a solution of the
impulsive
q, — integrodifference equation

Diu@):y%ax 0<q, <Lted,
D, u(ty)—D, u(t) =L (u(t)),

Au(ty) = 1 (u(t) k=12,-,p, (11)
u(0”)=-u() ’

D, u(0")=-D, u(®)

if and only if u satisfies the O« —integral equation

1 1, 1 P P oty t

o3 B0 L @ a0 gl (5)d,s
i=1 i=0 " 0

__.[tl[(l_to) —0y(s _to)]y% (S)dq S

i i=1

teld,,

u(t) = G+it ——tj{ZL ZI y, (s)d S}L%ZI,( )+Zk:(t—%ti—%jLi(u(ti))

1 = G tia 1 G
+E§L [(ti+1_ti)_qi(s_ti)]J'ti yqi(S)dqis+§(t_ztm_§j£i Yq, (s)dqis

+I: [t-t)—a(s—t)y, (S)quS—%ﬂ[(l—tk)—qk (s=t)]y, (s)dgs

(12)
Proof. Let u be a solution of 0 — difference equation (11). For t€ Jo, applying the operator
olq, on both sides of Dg,u(t) =y, (t) 1
we have

t
D, u(t) = D, u(0*)+,l, ¥, (t) =D, u(0*) + jt Vg, (),

u(t)=u(0")+(t1,) Dy u(0" )+ [ [(t=t,) =y (s—1,) I, (5)d, 8

(13)

Thus,

— + Y
D,,u(t;) = D, u(0") + | Yy, (8)d,,8 "

4
u(t;):u(o+)+(tl—t0) qu“(°)+fto [(t—t) =0 (5—15) ]y, (5)dgS
Similarly, for t€J;, applying the operator « ' on both sides of Dau(t) =Yy, (t), then
N t
D, u(t) = D, u(t) + jt BACLAS )

Inview of Dyu(ty) =D u(t) = L(u(t)) and Au(t) =u(t;)-u(t;) =1,(u(t)). it holds
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D,u(t) = Dy u(0") + LU + [ Yy, (8)dy 5+ [ Yo (), (16)
u(t) =u(0") +(t—t,) D, u(0") + 1, (u(t,)) + (t —t)L, (u(t)) +(t —tl)J: Y (8)d,. S
11 -1) =0 5=ty (g s+ [ [E-t) -0 (s-t)]y, (9)d,s. (A7)

Repeating the above process, we can get
D, u(t) = D, u(0") + i L (u(t,)) + i j: Y, (s)dg s+ j: y, (5)d,s-  (18)
And B :
u(t) =u(0")+(t—t;) D, u(0") +Zkl‘, I (u(t)) +iZ:,(t —tH)Liu())

2. (t-t) I: Y, . (5)d, s +Zf [(t -t ) =0 (St )]y, (8)d, S

t
+] 1) =0 5=ty ()dy s
Using the boundary value conditions given in (11), we can get (12).

(19)

Conversely, assume that U satisfies the impulsive d, —integral equation (11); applying D,
on both sides of (12) and substituting t =0 in (12), then (11) holds. This completes the proof.

MAIN RESULTS

Letting Yo (O = fGU®)+ 1,9 U) in view of Lemma 1, we introduce an operator
Q:PC'(J,R)—>PC*(J,R) as

QO = [/ [e-t)-a.6-8)] T (su@)+] o(ru(r))d, r Jd, s
—%j:[(l—tk)—qk(s—tk)][f(s,u(s))+J:g(r,u(r))qur}qus
330 st £ (s0) <[ (ru(r)dr a5
+§(t—1tiﬂ—%j‘|‘:”[f (s,u(s))+'|':g (r,u(r))dqlr} d,s
(e de- b B BT suo g arumeas)

i=1 i=0

(20)

+

() X 1305 L ()

i=! i=1

And
(D, Qu)(t) = j:k [f (s,u(s))+'|: g (r,u(r))qur}qus+g L (u(t))

+§J‘:H[ 5,u(s)) +I (r))d, r}dqis

(21)
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__[ZL Zj [ (s,u(9)) +I (r))d, r}d j
By reversing the order of integration, we obtain '

QO = [ [t-t) =g (s =t][ f (5,u(s)+[E—t) ~ G (s—t)Ix g (5,u(s)) Jdy
_lf [A-t) - g (s—t)][ F (5,u(s)) +[A-t) 0 (s ~t)Ix g (5,u(s)) ]d, s
+Z Zj [t —t) =0 (s —t)1] f (s,u(8))+[ (t—t) -0 (s=t) ]x g (s,u(s)) | dys

|0'

+z( Jj:m[f(s,u(s))+[(ti+l—ti)—qi(s—ti)]xg(s,u(s))]dqs

(B 2 S ST sue) e lat)-a -yl alu)]as)

+E§|i(u(ti))+zk:(t_%ti_%jl-i (u(t)). (22)

i=1
Then, the impulsive g, -integrodifference equation (1) has a solution if and only if the
operator equation u=Qu has a fixed point.

In order to prove the existence of solutions for (1), we need the following known result (J. X.
Sun, 2008).

Lemma 2. Let E be a Banach space. Assume that T:E — E is a completely continuous
operator and the setV ={x € E|x=1Tx,0< x <1} is bounded. Then T has a fixed point in
E.

Theorem 3. Assume the following.
(H,) There exist nonnegative bounded function M, (t) (i=1,2,3,4) such that

[F (6 W)[<M, @O +M, @O, [gtu) <M @®)+M,@Oul, forany ted,ue;
denote sup|M; ()| =M, i=1234
ted

(H,) There exist positive constants L,L’ such that
LW <E, L=, (23)
forany ue; k=12L ,p,
Then the problem (1) has at least one solution provided.

- Sup[ [Z At }““j”[ioaq.)rz+iof3+(l"‘*)[(t'“) )] o )—(1—t>}+§qﬂ<l

i=0 1 qk) 1+ 0y 1+ 0y + 0, i=0

24)
Where Tii :(t|+1—t|)2/1+ ql v Toi :(t|+1_t|)3/1+q| v Tai :qlz(t|+1_t|)3/l+q| +q|2 .
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Proof. Firstly, we prove the operator Q:PC*(J,; ) — PC'(J,; ) is completely continuous.
Clearly, continuity of the operator Q follows from the continuity of f, 0,1,. Let
QePC'(J,;) be bounded, thenvtel ,ueQ. There exist positive constants

L (i=12,34) suchthat | f(t,u)| <L, [g(t,u)|<L,, [l (W)|<L;, L ()|<L,. Thus
|(Qu)(v)|
sjt (t-t)—a (s —t)][|f (s.u(s))| +[t-t) - (s—t)Ix|g (s,u(s))| |dg s

2 I et -G, G-t (50 +[a-t) -0, (s-t)1x[g (su(s))Jd, s

4= ZJ’ [(t.,—t)—q(s— t)]U ‘ [(ta—t) -0 (s—t) ] ‘ (s.u )H
+§(t—%tm—3j: [|f
+G+it ——tj(i\% ‘ ZI U (S))‘Jr[(tm_ti)_qi(S_ti)]X‘g(s’u(s))ud%sj

i=1

22t ()

i=1 i

<[ [a-t)-a,(s-t ][L1+[(t )G, (-t )L, ]d,
_E.[tk[(l—tk)—qk(S—tk)][Ll +[A-t,)—q (s—t)IL,]d, s

(5.:u()|+[(ts—t) =0 (s=t) |x|a (s,u(s))|] dg s

+1kz_1:fm[(ti+1_ti)_qi(s_ti)][lq+[(ti+1—ti)—qi(S—ti)]Lz]dqs
+Z[ = JI L+ [(ta—t) -0 (s-t)]L, |dgs
(411 R ——t}(lzplll-4+lzpolj:l[Ll+[ (t.—t)-a (s-t)]L, |d, sj

1 1
+§; L3+;(t_zti _Ej L,
2qk (t _tk)sl— qul ( ) qk2L2 (t _tk)3

< (t_tk)2L1+(t_tk)3L2 -

1+q,  1+q, 1+q, +92
1 2 3 qu(l_tk) I— qul q 2
—=| (-t 1-t)°L, — —t
2{( O L +A-t)°L, 1+ g, 1+qk( t)’+ ” ( )’
1 k-1 kl 1
+2 I: i+ i |+1 t) L 2q72||‘ q71|L1+T3| :|+ 2 |: i+1 t)L1+(t|+1 |) Lz_QiTﬁLz]
i=0 i=0

+(%+it _Hj{pL +Z[(t|+1 t)L +(t,, —t)’L, q.ﬁ.'—]} L +pL,
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Progressive Academic Publishing,



European Journal of Mathematics and Computer Science Vol. 4 No. 1, 2017
ISSN 2059-9951

sﬁz:: C-2 12 +p] Lz[z(l - ZPO: I+(1_qk)|:(t_tk)3_(1_tk):| 67| (t-t) - (- t)SLpiTHJ

(1+q,) 2|5 1+q, 1+q, +0,°

i=0

+E L+ g L,: =¢, (constant). (25)

This implies |Qu| < ¢, .
And

(D, Qu)(®)|
<[ [ (su@) +It-t)-a s -t)]x|o (s.u@)Jd, s +i‘Li (u(t))

31 (5@ I~~~ ()]s

_%(.Z:‘LI (u (t‘))‘+§ﬁl[‘f (s,u(s))‘+[(tm—ti)—qi (s—t, )]x‘g(s,u(s))udqigJ
SJ.:k[l‘l_'_[(t_tk)_qk(s_tk)]l‘z]qus +Zk: L, +§It:i+l[H+[(ti+l_ti)_qi(s_ti)]LZ]dqiS
A{B T Ty a0

2 qk(t_tk) S 2
<(t-t)L +(t-t) LZ_WLZ_'—pL4+§|:(ti+l_ti)l-1+(ti+l_ti) Lz_QiTﬂL]

k

_%[ pL, +i[(ti+1 —t)L +(t., — )L, — g7y Lz]j

p P
+%Z(ti+1 —ti)+%2qi L, := ¢, (constant). (26)
i=0 i=0
This implies HDquuH <@,.
Furthermore, for any t'.t"eJ, (k=0,12,L , p) satisfying t' <t", we have
|(Qu)(t") - (Qu)(t)|

<] [ -, )—qk(s—to][\f (5,u@)|+[t"~t) —a (s—t)|g (s,u(s))| |dy s

ez

s,u(®)|+[(t:—t)-a (s—t) Jx[a (s, u(s))H dyS

(i3 e I s ) -a (=) (o) o)

_J.ti'[(t'—tk) —a (s=t)][|f (s:u(®))|+ ' -t )~ (s -t )]|a (s.u(s))| ] dy s
S -2t [ )t -a (-] (06 ],
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(i+it ——tj(Z‘L ))‘Jrgfl[ ‘ [(t.—t) -0 (s—t)]x ‘g (s,u ))quisj

: " 1 1 K ' 1 1
+;(t —Eti _Ej‘Li (U (ti ))‘—;(t _Eti _Ej‘Li (U (ti ))‘
< -t (SuO)+L 1) - (s-t)Jo (s.u(s)) ], 5
[ [ -] (su@)|+ [ ) =28, ~t) - 20, s - (s, u(s))\] d, s

+(t”—t’)2j.:“[|f(s,u(s))|+[(ti+1—i (s—t) |x|a(s.u(s))|] d S+Z(t'
L S L ) [ -0)-a -t a(su(s) s

sf:j[(t"—tk)\f (s,u(s))\+(t”—tk)‘g(s,u(s))]qus
+L:[(t" —t')‘ f (s, u(s))‘ +[(E" —t?) -2t (" —t')]‘g (s, U(S))H dgs

+(t"—t')kz_llj‘tif|]f s,u(s))‘+(ti+l—ti)x‘g(s,u(s))u dgs
(-t) (Z‘L ))‘Jrgj‘ttlﬂf (s,u(s))‘+(ti+1—ti)‘g(S,U(S))quis] +(t"—t") pL,

<[L+("-t)° L+ 2—](t" =) H{t"+1) -2t JL (' -t )(t" —t)

"

L (u(t))

Sttt L] 15 (L) 1) @)

And

Ok

SLZDf (S,U(S))‘+[(t"—tk)—qk (s—tk)]x‘g (s,u(s))uqus
_J:Uf (s,u(s))\+[(t’—tk)—qk (S—tk)]x‘g(s,u(s))uqus
SI:"Df (S’u(s))‘+[(t’,_tk)_qk (S—tk)]X‘g (S,u(s))ﬂqus +J-:k'(t”_tf) g

SJ‘: Uf (s.u@)|+ t”—tk)x‘g(s,u(s))ﬂqus +L(t' -t )(t"—t")
<L+ L =t )" 1) +L, (1 —t)({t" ). (28)

As t'—t", the right hand side of the above inequality tends to zero. Thus, Q(Q) is
relatively compact. As a consequence of Arzela Ascoli’s theorem, Q is a compact operator.
Therefore, Q is a completely continuous operator.

Define the set W, ={uePC*(J,j )Ju=4Qu,0<A<1}. Next, we show W, is bounded.

Let ueW, ;then u=A4AQu, 0<A<1. Forany teJ by conditions (H;) and (H,), we have

(s, u(s))\qus
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u(®)] = 2|Qu)t)
< [, [t =a, s =t)][|f (s:u©)|+IE~t) =G (s ~t)1x[g (s,u(s)) ]y

-2 108 a =] f (su@)] + 1) -0, -t)1x|a (s.u@) ], s
2 Zj [~ t) =0y~ | (5.u(S))|+[(t 1)~ (-t ) ]x]a (s.u(s))[ | dy 5
0t I @) () -0 (s-t) o (s.ue) ] dys
{jﬁj‘t e o EICTIE YO, RS | Ty
+§i§_ll\'i(“ t) \+§[t‘§ti‘§]\h(u(ta))\ +(i+lt ——th\ )

< j:k [(t-t,)—0q (S—tk)]l:Ml-i‘ M, Ju(s)|+[(t —t,) —a (s—t )M, + M4|u(s)|)]qus

-2 T80 -a (s8] My + M () 410 -6, =61 (M + M, Ju (s)) ],
+1kzl;j“”[(ti+1—ti)—qi(s—to][MﬁMZ\U(S)H(tM—ti)—qi(s—ti)](Ms+M4\u(S>\)]dqis
3t 3 [ M M (o) [t -0 (5] (M + M () s
+(j+1t——tj(ij [ s ) s 0 o)
b S e

IRY 1+ 3 _qu(t_tk)3
<(t-t) (M1+M2”U”)+(t t) (M3+M4”U”) 1+q (M3+M4”u”)
k

g (t-t)° q (t-t)’ ,
—=(M,;+M ———=(M;+M E L E L
1+q, M.+ ”U”)"' 1+0q, +qk ( ”u”) "2 2

_{(1 )R, + M, U+ (-t (M, + M, Ju) - %(M M, - % 1+ W, ||u||)+%(M M ||u||)1

1 -1
+EZ[ =8P+ M Jul) + (6, =) (M + M, Jul) - 207, (M + M, Jul) = 6z (M, + M, Jul) + 75 (M, +M ||u||]

i=0

#3 (S b= [ G0, + My U+ (=) (M, + M )~ (M, + M, ]
‘G*%to %tj 3] =8O M U]+ =87 (M M Jul) -5, (M + M ”“D]j
+£Zp:L'+%Zk:[
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e T ]%[ilqim&iJl‘qk)[“-‘kf-“-tnJ - >-<1—tﬂ:zzj

1+qk) i=0 =0 1+q, 1+q, "’qk i=0
_ 1-g) (t-t. ) -(1-t.)' | q2[(t-t ) -(1-t )| o
Hll _zzp: -2t t- 1+2t % : - qi)72i+zp:r3i+( k)[( = ( k):|+ k|:( ) (2 k)L—pZT“
2 % (1+q,) 2 |3 0 1+q, 1+q, +0, 0
+£U+£[. (29)
2 2
"u"< 1% C-2t-142, | ) M, $ign-3 +(1—qk)[(t—tk)3—(1—tk)3}+qkz{(t—tk)3‘(1-%)3}&
2 oT1I 1+qk) 2 -0 A izor3i 1+q, 1+g,+g i:oT1i

(30) Similarly, for any teJ by
conditions (H,) and (H,), we have

(u)(®)]=2|(Byu)(t)
<[ [ (suE)+Ie-t) -as-t)Ix|g (s.u))[Jd, s +iZ:j\Li (u(t))
+kZ:,f[|f (5,u(S)]|+ [t —t) — 6 (s—t)]|g (s,u(s))| ] dy s
A ST s 0 m0-a - lse) Jos)
< j;[MﬁMz|u(s>|+[(t—tk)—qk<s—tk)](M3+ M, |u(s)) Jd, s z Lf_ggu

+kf,f“[M1+leu(s>l+[(ti+1—ti)—qi (5=t)I(M, +M,Ju(s)) ]d, s
R Inor b

t—t.)°
sa—thmﬁM2||u||>+<t—tk>2<ms+M4||u||>—%<mg+m4nun>
k

k-

H

+

LM

[(tm -t )(M +M ”U”) + (t.+1 ti)z(Ms +M, ”u”) —0i7y (Ms +M, ”u”)}

N |-

[_p [(t,. —t )M, + M ) + (& )7 (M + M, Jul) =g,z (M + M, Julp]) + 2 L

R R XCIIIE S LA D XORSSEE |

i=0

IA
N o

(31)
H Dqk u <

p P
L{ pL'+ M, D (t,, —t) + MazrﬁJ . =constant. (32)
-7 i=0 1=0
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p P
Where T'{'\”zz(tm_ti)+ M4ZTM} [ulloc: =sup.cs {”””pc ’HDqkquc}
i=0 1=0

|ulee: <7
So, the set W, is bounded. Thus, Lemma 2 ensures the impulsive g, - integrodifference
equation (1) has at least one solution.

Corollary 4. Assume the following.
(H,) There exist nonnegative constants L; (i=1,2,3,4) such that

[f(tu)<L | |g(t,u)|SL2, INOEY™ | |Lk(u)|sL4’ (33)
forany teJ, uej , k=12L p Then problem (1) has at least one solution.
Theorem 5. Assume the following.
(H,) There exist nonnegative bounded functions M (t) and N(t) such that
|f(t,u)—ft,v)<M(t)u —v|’|g(t,u)—g(t,v)| < N(t)|u—v|’
forteJ,u,ve; .
(Hs) There exist positive constants K, G, X such that
INOEIRGIE K|u—v|, L (u)- L (v)| < X |u—v|, (35)
for uive; and k=12,L ,p.

(34)

(He)
: t- 2t-1+2t, M| & ? (1_qk) (t'tk)a_(l'tk)a qkz (t_tk)3_<1_tk) o
K, s{ujp{ [qu (1+qk)Jr ] 2[20:1 qi)72i+§73i+ { oy L |:1+qk+qk2 } ;q, +2X+2K <1

(36)
Then problem (1) has a unique solution.
Proof. Clearly Q is a continuous operator. Denote sup|M(t)|=M, sup|N(t)|=N. For
ted ted

vu,ve PC'(J,i ), by (H,) and (H,), we have
|(Qu)(®) - (Q)(V)|

< [ [€-t0 -0 s=t][| T (5:u(®)~ F (VN +It~t) =G (5=t ]9 (5.u()) g (s, V(s Jd 8
—% J [a-t) = a 5=t/ (s:u(s))— f (5:v(s))] +[A-1) (=t )I]g (5.u(5)) ~ g (s V()| ]

%z [ 1=t =0 =t ] (5,u() = T (VD] [a—t) —als—)I]g (:u(s)) - 9 (s, v(s))| Jd

St

(s,u(9) = f(s.v@)|+[(ta—t)—a (s—t)]x|g(s,u@))-g (s,v(s))udqis
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B LS S st .4 a5 (s ol

1 =1 i=0
+z§\'i<“<ti>>-'i<v<ti>>\+g(t—;ti—gj\n (u(t))-L (v(t))
sj:k[(t—tk)—qk(s—tk)][M (8)+[(t—t) = (s—t)IN(s)]|u—v)(s)|d, s
—lﬁ(l—tk)—qus—tk) 1M (s)+[A-t) -0 (s~ JIN(s)]|(u—v)|d, s

+> zj [(ts —t) =G (s—t)I[ M (8)+[ (ts—t) =0 (5=t ) [N (s) J|(u=v)|dys

+_kzl:[t—%ti+1—%jj:“[M (5)+[(t—t) =0 (s—t) N (s) ](u-v)|d,s
+(%+%to _%t](g‘,]‘:ﬂ['\ﬂ (S)+|:(ti+l _ti)_qi (S _ti ):I N (S):“u _V|dqisj

N e

S{(t_tk)zM+(t_tk)3N_2qk(t—tk) g (t-t)’ 6’ }”u y

1+q, 1+q, 1+q, +qk
3 2
_1{(1_tk)zM+(1_tk)3N_2qk(1—tk) NGOt 620t }”u y
1+q, 1+q, 1+4q, +Qk

1kt
EZ[ i+l t) M+, - ti)SN_ZQifziN_QiTnM+TsiN]||u_V||
i-0
k-1

Z b [(t'ﬂ M + (., —t)*N _qirliN}”u _V”

=0

11 1
(Z L, —Etj(Z[(t,ﬂ LM + (6, —1)°N g, Nu— v||] [ZX+2 j”u V||

i=0

[i LR ]%[1 qi)72i+gfai+(1_q*)[(t_t“)s_(l_tk)lqkz[( ) LZT]( gK)]uuvu

(1+q,) 1+, 1+g,+0,° =

< Kl ||u _V” ) (37)

As K, <1 by (H,). Therefore, Q is a contractive map. Thus, the conclusion of the Theorem
5 follows by Banach contraction mapping principle.

EXAMPLE
Consider the following second order anti-periodic nonlinear Y ~ integrodifference equation

with impulses
D/ zuou(t) = 8+3\/_+In[l+5t3 _|U(t)|J

3

t ST . 1
+Il/(l+2k)|:1os + Esm U(S)}dl/(zm)s  te 0,1 ’t *

1+ 2k »
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1 1 . 1
Dl/(2+k)u (Mj - Dl/(1+k)u (M) =sIn (U (1+ K jj \
Au L =C0s| u L k=12,---,6,
1+2k 1+2k ) )

u(0)=-u (r)' D,,u(0") =-Dy,u(l). (38)
Obviously, q. =1/(2+k)(k=0,1,2,---,6), t =1/(1+2k)(k=12,---,6)
f(t,u) =8+3t + In(1+

2 3
5t +t§|u(t)|) g(t,u) =10t +t§sin u 1, (u)y=cosu L (u)=sinu
By a simple calculation, we can get

) <8+3vE 50+ Lu) ot w]<10t+ L
5 ! 3 ! (39)
I )<1, |L )<L,

3

t? t T
Take M, (t)=8+3Vt+5°, Mz(t)=§, M, (t) =10t, M4(t)=§,and L=L"=1 Then

all
conditions of Theorem 3 hold. By Theorem 3, second order anti-periodic nonlinear impulsive

0, — integrodifference (38) has at least one solution.
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