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ABSTRACT 

                                                                                             

In this paper ,we study the long time behavior of solution to the initial boundary value 

problems for higher -order kirchhoff-type equation with nonlinear strongly dissipation: 
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At first ,we prove the existence and uniqueness of the solution by priori estimate and 

Galerkin methodthen,then, we establish the existence of global attractors.  
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1 Introduction 

 

In this paper we concerned with the long time behavior of solution to the initial boundary 

value problems for Higher-order Kirchhoff-type equation with nonlinear strongly dissipation 

: 
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Where nR is bounded open domain with smooth boundary; v is the outer norm vector;  

1m is a positive integer, and 0q  is a positive constants, )( tuh
 
is a nonlinear damped , )(xf

is a function specified later, 
t

mu）（  is a strongly dissipation. 

There have been many researches on the well-positive and the longtime dynamics for 

Kirchhoff equation.we can see[1-6],F.Li [5] deals with the higher-order kirchhoff-type 

equation with nonlinear dissipation: 
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 In a bounded domain,where 1m  is a positive integer, 0,, rqp  are positive constants and  

obtain that the solution exists globally if ,rp  while if }2,max{ qrp  ,then for any initial 

data with negative initial energy,the solution blows up at finite time in 2L p  norm. 
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Yang Zhijian, Wang Yunqing [6] also studied the global attractor for the Kirchhoff type 

equation with a strong dissipation: 

),()()()(
2

xfuguhuuuMu tttt      in  R ,                        (1.7)
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Where 21)(
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N
m ,   is a bounded domain in NR ,with smooth boundary 

 , )(sh and )(sg are nonlinear functions,and )(xf is an extrnal force term.it proves that the 

relative continuous semigroup )(tS  possesses in the phase space with low regularity a global 

attractor which is connected. 

Yang zhijian, Cheng Jianling [7] studies the asymptotic behavior of solutions to the 

Kirchhoff-type equation: 
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They prove that the related continuous semigroup )(tS posseses in phase X  ))(( 1

0

2 HH   

)(1

0 H  a global attractor. At the end of the paper, an example is shown,which indicates the  

Existence of nonlinear functions ),( uxg and )( tuh .  

Zhang Yan ,Pu Zhi-lin and Chen Bo-tao [8] studied Boundedness of the solution to the 

Nonlinear Kirchhoff Equation: 
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Where ).4(0),3(20),2,1(0  nnn  Furthermore,there exists 01 C such 

that : 
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Zhang Yan studied the asymptotic behavior and existence of the solutions of a nonlinear 

Kirchhoff equation. 

The paper is arranged as follows.in section 2,we state some preliminaries under the assume of 

Lemma 1and Lemma 2, we get the existence and uniqueness of solution; in section 3,we 

obtain the global attractors for the problems (1.1)-(1.3).  
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2 Preliminaries 

For convenience,we denote the norm and scalar product in )(2 L by . and (.,.); )(xff  , 

)( kk HH , )(00  kk HH , ,.. 2L
 )11,,2,1( iCi  are constants. 

In this section, we present some materials needed in the proof of our results, state a global 

existence result, and prove our main result. For this reason, we assume that and notations 

needed in the proof of our results.For this reason, we assume that 
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Proof. Let uuv t  we multiply v  with both sides of equation  (1.1) and obtain 
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By using Poincare inequality,we obtain:  
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5 )1(2))((:









 
 RCC ,we take proper  ,such that : 

4

1
)1(4 11

1

1 
 ,
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.

22
))(),((

2
2

2

2
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vxf

mm

m








                          (2.42) 

Form above,we have 

           
2

21
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2

2

)22
4

3
())()(( vuuv

dt

d m

m

mmm  


  

           
2

1

22
2

0 )()
4

9
()(2 uu m

m

m 



                           

           .
1

5

2

2
Cfm 


                                                        (2.43) 

Then we take proper ,let ,022
4

3 21  


m

.02  so,we get 

       
2
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2

2

)22
4

3
())()(( vuuv

dt

d m

m

mmm  


  

         
2

2

2

1
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4

9
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m














                                             

        .
1

5

2

2
Cfm 


                                                           (2.44) 

Let Taking }
4

9
2

,22
4

3
min{

2

1

22

0

21
0






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








mm

, ,
1

5

2

26 CfC m 


 then 

                           )()( 0 tYtY
dt

d
 6C  ,                                   (2.45) 

where ,0)()()(
2

2

2

 uvtY mm  by using Gronwall inequality,then 

                            ).1()0()( 00

0

6 tt
e

C
eYtY






                           (2.46) 

where 
2

0

2

02 )()()0( vuY mm    ,  Let },1min{ 21    ,we get
      

                               
),())((

22

1 tYuv mm 
                       (2.47) 

so we get  

 

          

,
)1()0(

)(),(
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6

1

222
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2



 tt
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HH

eCeY
vuvu mm








            (2.48) 

and

 

                              
2

2),(lim mm HHt
vu


.

10

6



C
                               (2.49) 

So,there exist 1R and ,0)(11  tt such that  

                         ).()(),( 21

222
2 ttRvuvu mm

HH mm 
            (2.50) 
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Theorem 2.1 Assume )( 1G )( 4G holds,and Lemma1 Lemma2 holds; the problem (1.1)-(1.3) 

exists a unique smooth solution  

                            ).);,0([),( 2 mm HHLvu                             (2.51) 

Proof. By the Galerkin method, Lemma 1 and Lemma 2,we can easily obtain the existence of 

solution. Next, we prove the uniqueness of solutions in detail, Assume vu, are two solutions 

of the problems (1.1)-(1.3). let vuw  ,then 0)()0,( 0  xwxw ，  .0)()0,( 1  xwxwt  

Then two equations subtract and obtain 

        
.0)()())(())(()(
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 tt

mmmm

t

m

tt vhuhvvuuww    (2.52) 

 By multiplying above equation by tw  we get  
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t

m

tt wvhuhvvuuww 
 (2.53)
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1
),(

2

tttt w
dt

d
ww                                  (2.54) 
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t
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mm wvvuwwu               
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2

1
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d
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t

mmmm wvvvu  
         (2.56)                             
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                      ),))(()()((' t
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2

' um .)())(( t

mmmmm wvvuvu 
  

(2.57)                       

 

According to Lemma1, Lemma2,we have  
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1
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d
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d mmmm  
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'
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dt
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t

mmmmm  




   (2.59) 

According to Lemma1, Lemma2,we have  



European Journal of Mathematics and Computer Science  Vol. 4 No. 2, 2017 
  ISSN 2059-9951 
 

Progressive Academic Publishing, UK Page 34  www.idpublications.org 

                   
  2

'

22
'

)(

)(

wuu

wdxuuu

m

t

mm

m

t

mmm














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so, we have  
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d mmmm  
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                         (2.61) 

From above,we get 
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    (2.62)     
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so,we get 
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From above (2.53)-(2.64) , we have 
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Then  
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Taking },max{ 11
10

1 C
C


  ,we have  
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t wwuwuw
dt

d
            (2.68) 

by using Gronwall inequality, we obtain  
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t ewwuwuw
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     (2.69) 

 

therefore 
                        .vu                                                          (2.70) 

So we get the uniqueness of the solution.  

 

3. Global attractor 
 

Theorem3.1 [11] Let 1E  be a Banach space ,and )0)}(({ ttS are the semigroup on .1E  

,)0(),0,()()()(,:)( 11 ISstsStSstSEEtS  ， where I is a unit operator , set )(tS   the 

follow conditions. 

1) )(tS is uniformly bounded, namely ,,0
1

RuR
E
 it exists a constant ),(RC so that 

);,0[(),()(
1

 tRCutS
E

 

2) it exists a bounded absorbing set ,10 EB  namely, ,1EB it exists a constant ,0t so that 

);()( 00 ttBBtS   

Where 0B and B are bounded sets. 

3) when )(,0 tSt  is a completely continuous operator .A  

Therefore, the semigroup operator )(tS exists a compact global attract. 

 

Theorem3.2 Under the assume of Lemma 1,Lemma 2,Theorem 3.1, equations(1.1)-(1.3) 

have global attractor  
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0 22 RRvuvuHHvuB mmmm HHHH
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 0B is the 

bounded absorbing set of )()(2  mm HH and satisfies  

1) ;0,)(  tAAtS  

2) ,0),)((lim 


ABtSdis
t

here mm HHB  2 and it is a bounded set, 

       .,0))(inf(sup),)((lim 2 


tyxtSABtSdis mm HHAyBxt
 

Proof. Under the conditions of Theorem 3.1, it exists the solution semigroup ，)(tS   

),()()()(:)( 22  mmmm HHHHtS here ).()(2

1  mm HHE  

1)  from Lemma2.1 to Lemma2.2, we can get that )()(2  mm HHB is a bounded set 

that includes in the ball ，}),({ 2 Rvu mm HH



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222

00 222 BvutCRCvuvuvutS mmmmmm HHHHHH
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，  

This shows that ))0)(( ttS is uniformly bounded ).()(2  mm HH  

2) furthermore,for any ),()(),( 2

00  mm HHvu when },,max{ 10 ttt  we have, 
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         ，10

222

00 22),)(( RRvuvutS mmmm HHHH



 

so we get 0B is the bounded absorbing set. 

3) since )()()()( 2

0

2

1  LHEHHE mmm  is compact embedded,which means 

that the bounded set in 1E is the compact set in 0E ,so the semigroup operator )(tS  exists a 

compact global attractor A . 
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