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ABSTRACT

In this paper ,we study the long time behavior of solution to the initial boundary value
problems for higher -order kirchhoff-type equation with nonlinear strongly dissipation:

U +(=8)" + (VU ) (A)"u+h(u) = £ (x).

At first ,we prove the existence and uniqueness of the solution by priori estimate and
Galerkin methodthen,then, we establish the existence of global attractors.
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1 Introduction

In this paper we concerned with the long time behavior of solution to the initial boundary
value problems for Higher-order Kirchhoff-type equation with nonlinear strongly dissipation

U+ (-A)"u, +(V"u[ ) (-A)"u+h(u) = £ (%), (1.1)

0 .
u(x,t) =0, E‘f:o, i =12, ,m—1 Xt & (0,+0). 1.2)
u(x,0) =uy,(x), u,(x,0)=u,(x),xeQ. (1.3)

Where Q = R"is bounded open domain with smooth boundary; v is the outer norm vector;
m > 1is a positive integer, and ¢ >0 is a positive constants, h(u,) is a nonlinear damped , f (x)

is a function specified later, (—A)™u, is a strongly dissipation.

There have been many researches on the well-positive and the longtime dynamics for
Kirchhoff equation.we can see[1-6],F.Li [5] deals with the higher-order kirchhoff-type
equation with nonlinear dissipation:

U, + ('[Q‘Vmur)q(—A)mu +ulu] =y, xeQ,t>0. (1.4)
u(x,t)=0 @—O i=12,---m-1,xeoQ,t>0

D=0, —5=0 =12 m-1xedQt>0. (L.5)
u(x,0) =u,, U (t,0)=u,(x), xeQ (1.6)

In a bounded domain,where m>1 is a positive integer, p,q,r >0 are positive constants and
obtain that the solution exists globally if p <r,while if p >max{r,2q},then for any initial
data with negative initial energy,the solution blows up at finite time in L"** norm.
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Yang Zhijian, Wang Yunging [6] also studied the global attractor for the Kirchhoff type
equation with a strong dissipation:

Uy —M(||Au||2)Au—Aut +h(u)+g@)=f(x), in QxR", (1.7)
u(xt),, =0, t>0, (1.8)
u(x,0) =uy, u,(t,0) =u,(x), xeQ. (1.9

Where M(s)=1+s2,1<m< , © is a bounded domain in R" ,with smooth boundary

0Q, h(s)and g(s) are nonlinear functions,and f (x) is an extrnal force term.it proves that the
relative continuous semigroup S(t) possesses in the phase space with low regularity a global

attractor which is connected.
Yang zhijian, Cheng Jianling [7] studies the asymptotic behavior of solutions to the
Kirchhoff-type equation:

U, —M(||Vu||2)Au—Aut +h(u)+g(x,u)=f(x), in QxR", (1.10)
ul, =0, t>0. (1.11)
u(x,0) =uy, u,(t,0) =u,(x), xeQ. (1.12)

They prove that the related continuous semigroup S(t) posseses in phase X = (H*(Q)NH})
x H:(Q) a global attractor. At the end of the paper, an example is shown,which indicates the

Existence of nonlinear functions g(x,u)and h(u,).

Zhang Yan ,Pu Zhi-lin and Chen Bo-tao [8] studied Boundedness of the solution to the
Nonlinear Kirchhoff Equation:

U~ M(Vu)Au+ AU +g(u) = £(x), in Q=Qx(0,). (1.13)
u(x,0) =uy(x), u,(x,0)=u,(x) In xe (1.14)
u=0,in> =Tx(0,). (1.15)

ou ’

n n 2
here HV’“UHZ = Z_[ — dXx,Au = Za—u u is the transverse displacement.the function g e C*
i1 2|0, = ox’

Satisfying the following conditions:

liminf GG )>0,G(s)=ig(r)dr, (1.16)

[s>e

i \g( g
Imsup——-—

[s|-—>o0 | |

(1.17)

Where 0< y <oo(n=12),0< y <2(n=3),y =0(n =4).Furthermore,there exists C, >0such
that :
‘Iim inf
Zhang Yan studied the asymptotic behavior and existence of the solutions of a nonlinear
Kirchhoff equation.

The paper is arranged as follows.in section 2,we state some preliminaries under the assume of
Lemma land Lemma 2, we get the existence and uniqueness of solution; in section 3,we
obtain the global attractors for the problems (1.1)-(1.3).

Sg(S)—ClG(S) > (1 18)
s? - '

Progressive Academic Publishing

www.idpublications.org]



European Journal of Mathematics and Computer Science Vol. 4 No. 2, 2017
ISSN 2059-9951

2 Preliminaries
For convenience,we denote the norm and scalar product in L?(Q) by |[||and (.,.); f = f(x),

H=H"(Q), Hy =Hg (). ||| =|}|.:» C:(i =1.2,---11) are constants.
In this section, we present some materials needed in the proof of our results, state a global

existence result, and prove our main result. For this reason, we assume that and notations
needed in the proof of our results.For this reason, we assume that

(G,) Let ¢(HV”‘UHZ) is a nonnegative C'-function.satisfying

(v IVl 2 sy - vl 2.1)
and

D(|v"u[") > maxgzc[vmule, vl

= 3 7 ' 2.2)

Where ®(s) = _S[qﬁ(s)ds, y2E.

0
(G,) there exist constant 0 < 6 < % have

()], < Co(h(s,5))"", h(s)s >0. (2.3)
(G,) there exist constant 0 < o, <1, have

Ihs)| < C@+|(=a)"s]) Vs e H*™ A HJ [s| < R. (2.4)
(G,) there exist constant C,, have
()= h(s,)],, .« <Cylls: s, (25)

2.1 the existence and uniqueness of solution

Lemmal Assume (G,)—(G,) hold, and (u,,u,) € H™(Q)x L*(Q2), f(x) € L*(Q2) ,then the

solution (u,v) e H™(Q) x L*(Q) ,and

W (0)e ! N C,(1—e™™")
o o,

(2.6) Where

Ja v = + vl <

v=u,+eu, W(0) =|v| + CD(HV'"UOHZ) —gHVmUOHZ, V, = U, + Uy, thus there existR, and
tO = tO (Q) > 09
such that

I e = [V I < R > ). 27)

Proof. Letv =u, +suwe multiply v with both sides of equation (1.1) and obtain
2
(U + (=A) U+ (V™[ ) =A)"u+h(u) V) + (F )V = (F (X)) (2.8)

(U, V)
= (Vt - guﬂv)
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=(v,,v)—¢e(v—eu,v)

2
uf &

2dt
((=4)"u,,v)

=((-A)"(v—eu),v)

- -

—EZHV”‘UHZ.
2 dt

@(v"u[ ) 4)"u,v)

= @(v"u) )" u,u, + )

= o]
according (2.1),we obtain

@V u)a)"uw)
2 8 o(lvuf)sovuly+ vl
(h(u,),v) = (h(u,),u, +eu),

from (2.3),we have
&l(h(u,),u)|
<[h(u),,-« [V
< &Cy(h(u,),u)* V™|

1 Syl
< E(h(ut)'ut) + C386HVmuH5,
so,we get

(h(u)v) 1(h(u )u )—cag«fuvmuui‘

(1 <1< L+

From above ,we have

Y] + eyl o
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(2.9)

(2.10)

(2.11)

(2.12)
(2.13)

(2.14)

(2.15)

(2.16)

L8 vy -yl + |9 - -

2
v

e+ £fvuf - 2l -

22"

1
_ slomlls
2C,¢

1
< 2_€2||f”2' (2.17)
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By using Poincare inequality,we obtain: HVmVH2 = %m||V||2 , then we have

%(||V||+<D(HV’“UHZ) vy + (24" 26— 2%V

a0y ~ vl 27 Sl - 2cee ol

<. (2.18)
from (2.18),we have
S+ (v - ) + @4 2625
cor(vruf’) - S ol 26l + S+ coeaf)- 2.t o
<P, 2.19) From
(2.2), we have 5<D(HV'“UHZ) - 2C33§HV'”UH(1" >0, we take x; = %g - (%m+ 2)e* >0, .
we get
S+ (v - i) + @4 2625
+ e ((vul)
g%”f”z_ (2.20) Next we take o

=min{2A" — 2¢ — 2%, €} we get

%(Mvnz+®<HV"‘u\F>—eHVmuHZ>

+a (||v||2 + CD(HVmuHZ) —&[V™u 2)
1
<5l (2.21)
From(2.2),we obtain
||v||2 + (D(HVmUHZ) - gHVmuHZ >0. _ (2.22)
Then we have
%w (t)+ oV (t) <C,. (2.23)

where W (t) = M +cD(HV"‘uH2) —gHV"‘uHZ ,C, = é” f| by using Gronwall inequality ,we

obtain

W (t) <W (0)e ™" + Cd-e™) : (2.24)

Q,
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where W (0) = ||v0||2 + CD(HV”‘UOHZ) —~ gHVmUOHZ :
From (2.2), we know
M+ )V

<[V +@(vu[ )~ e]v"u|

—opt
<w(0)e e + Sel=€ ")
%o (2.25)
we take o =min{l,y —&},s0
—opt
e+ s S ), (2.26)
20
So,we have
—apt _ a0t
M+l < Qe Calme ) (2.27)
o a
S0,we obtain
—agt Aot
=+l < FE—+ S22 gy
o o,a,
and
— C
!Lrg”(u,v) ZmeLZ < 0!104!0' (2.29)
So,there exist R,and t, =t,(€2) >0, such that
(u,v)2 ne = VUl + v <R (t>t,).
O T L (A

Lemma2 In addition to the assumptions of Lemmal, and (G,) —(G,) hold, if f e H™(Q)
,and

(Up,u,) € H?™(Q) x H™(€Q) ,then the solution (u,v) of the problems (1.1)-(1.3) satisfies (u,v)
e H™(Q)xH™(Q) ,and

Y™  Ct-e™)

O O R e v

(2.31)
Where (—A)"v = (~A)"u, +&(~A)"u and Y (0) = (5 — &) (-4)"u, | +[V™v,", thus there exist
Rand t =t,(€2) > 0,such that

[N =)™+ ™ <R (> 1), (2.32)

Proof. Let (—A)"v =(—A)"u, +&(—A)"u, we multiply (-A)™v with both sides of equation
(1.1), and obtain

(U + (-2)"u, + ¢V )(=A)"u+h(u), (~A)™) = (F(x),(-4)"V).  (2.33)
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m 1d m, || m,|I? ? ? m, ||
A 25 V] e - S s
((=4)"u;, (=A)"v)
=((=A)"(v—eu),(=A)"V)
W2 d
: oyl (2.35)
mv)
1 o |12
:E¢(Hv u‘ : (2.36)
according Lemma 1,we have ¢ <8, <¢(s) <6, &, {5 d‘z u; ,We obtain ,
@V ) a)"u, (-A)")
=807y gy - eo(va s
> Sl +eaf-ayf. (2.37)
oI ey
RN
From (2.4), we have
Ih)|* <C2@+|(=a)"u ), (2.39)
By using Young’s inequality
I < s o (@+|a)mu =y, (2.40)
ILIO-I
and
2 1 n &2 m |12
Ihquy)| £C5+ZH(—A) v +%H(—A) u
and
(h(u), (=A)" v)>————H( A"l ——H( ™" (2.41)
WhereC, = (C (R))" +2(1- o-l)y” ,we take proper u ,such that: 4(1— al)yT %

0'1

U
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vt
(f(x),(—A)mv)sH 282” + > (2.42)

Form above,we have

R S

+2&8 H( A)" uH —(—+—)H( A)" uH

321"‘
4

Hv fH +C.. (2.43)

Then we take proper ¢ ,let 311 —2¢-2£°>0, 5,—&>0.50,we get

34"
4
9¢® &°
(2‘950_7_?)(52_5)
: oo
0,—¢&
1 omel?
S?HV f +Cs. (2.44)
2
L 26, _92 _&
Let Taking 3, = min{ 11 —-2&-2¢, 21} Cs :—HV'“fH +C,, then
, — &
Syw+ayo<c, (2.45)

where Y (t) = HV'“VHZ +(8,—¢)|(- A)”‘u”2 >0, by using Gronwall inequality,then
it C

Y(t) <Y (0)e ﬂe (1—e ", (2.46)
where Y (0) = (5, —&)|(-A)"u,| +[V™,| . Let 4 =min{L 5, — &} we get
A+l < v, @47
S0 we get
2 2 _Y(0)e" A C l-e)
UV zny, » =[(=A)"ul| +|[V"V + ,
(00 =l oy YL SGED,
and
I|m||(u v)|| ﬂfﬁl (2.49)

So,there exist R and t, =t,(€2) > 0, such that

e <[y <o <Rt e
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Theorem 2.1 Assume (G,) —(G,) holds,and Lemmal Lemma2 holds; the problem (1.1)-(1.3)
exists a unique smooth solution

(u,v) € L*([0,40);H*" x H™). (2.51)
Proof. By the Galerkin method, Lemma 1 and Lemma 2,we can easily obtain the existence of
solution. Next, we prove the uniqueness of solutions in detail, Assume u,vare two solutions

of the problems (1.1)-(1.3). let w=u—v thenw(x,0) =w,(x) =0,  w,(X,0) =w,(x) =0.
Then two equations subtract and obtain
2 2
W, + (=)™, + B[ V"u[ ) (A)"u—g([V™V] ) (~A)"v + h(u) —h(v,) =0. (2.52)
By multiplying above equation by w, we get

(W +(=8)"W, + (VU Y (A)"u~ gV ) A)"V +h(u,) ~ h(v,) W) =O.

(2.53)
1d 2
(thth) = Ea”Wt” : (2.54)
(CA)"w,w) = [V (2.55)

@(vV"uH A u -V A"V W)
= @(v"u] ) a)"u =g (VU YA+ vl ) = g ) -a) v W)
= (v"u ) )" wow) + (VU ) - gV D) w)

2.1d

=9V S gVl oD EA (VD W, o

(V)= oV N2 w)
<g (v +[v™p vl -V DV w)
<l vl

v+ gl =vbleaiiwg @57)

According to Lemmal, Lemma2,we have
vy oV N2 w)
<Cy[[V™wjw

2
< 2w’ +%\\va\2,

(2.58)
1d
2 dt

1d m 12
=5 @V

m 12 m. 112 1d m 12 m 12
@(vru V) =5 g (VD]

AVARVY \VARTY 2.

2) - ¢'(HV”‘UHZ)IVmuVmutdx
Q

(2.59)
According to Lemmal, Lemma2,we have
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¢ (HV”‘UHZ)IVmuVmutdxHVmWHZ
<|¢ @] v ullvrufv e
<Cy[v™ (2.60)

so, we have

1d aomuByivmal?y - 9 sdvmalBemul?
A B e RS (T b v

1 d m 2 m 2 m ?
19 wmaveul)-c o -
From above,we get

@(V"uH ) u =gV A"V W)

1 om 2o 2 mod2 _ Mot Coom 2
SF1A R L R ey U v A R
((h(w)~hev).w)
SCARLIVAII A
< Cafw|[ V7w
<Cfwff + Zvow,

(2.63)
so,we get
(h(w) =) ) = ~Colw - £V 7w

2 (2.64)

From above (2.53)-(2.64) , we have
2
S vy 27w s~

~2G v’ ~ 2w - o] v

<0. (2.65)
Then

(il + 9w < ol v -+ (2.66)

2
where C, = <2 +2C,,C,, = 1, +2C,.

2

According to ¢(HV'“UHZ)HV’“WH > gHVmwﬂz then

%(Ilutllz +p(vru[Hvmw) < %qﬁ(ﬂvmuuZ)\\vwr +Cylw’  (267)
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Taking y, = max{ﬁ,cn} ,we have
&

%(nwtnz +o((VruP V™) < n@(FmuDvW . @68)

by using Gronwall inequality, we obtain

el + (v u V™l < @V u DV WO+ w @) ), (2.69)

therefore
u=Vv. (2.70)
So we get the uniqueness of the solution.

3. Global attractor

Theorem3.1 [11] Let E, be a Banach space ,and {S(t)}(t > 0) are the semigroup on E,.

S(t): E, > E,S(t+5) =S(t)S(s),(Vt,s>0),S(0) =1, where | is a unit operator , setS(t) the
follow conditions.

1) S(t)is uniformly bounded, namely VR > 0,||u||E1 <R, it exists a constant C(R), so that

[S®ul, <C(R),(te[0+x);

2) it exists a bounded absorbing set B, — E,, namely, VB — E,, it exists a constant t,, so that
S(t)B < By(t>t,);

Where B,and B are bounded sets.

3) when t >0, S(t) is a completely continuous operator A.
Therefore, the semigroup operator S(t) exists a compact global attract.

Theorem3.2 Under the assume of Lemma 1,Lemma 2,Theorem 3.1, equations(1.1)-(1.3)
have global attractor

A=w(B,) =SB,

>0 t>s
Where B, ={(u,v) € H2"(€) x H"(€) : |, V) n_,» =l
bounded absorbing set of H*™(Q)x H™(Q) and satisfies
1) S(t)A=At>0;
2) !imdis(S(t)B, A) =0,here Bc H*™xH™and it is a bounded set,

limdis(S(t)B, A) = sup(ian||S(t)x —y
—® xeB Y€

2
H2m

"» <Ry+R} Byisthe

+|v

Lzmgyn) —> 0,8 — 00,

Proof. Under the conditions of Theorem 3.1, it exists the solution semigroup S(t),

S(): H™(@Q)xH™(Q) — H*™(Q)x H™(Q),here E, = H*™(Q)xH™(Q).

1) from Lemma2.1 to Lemma2.2, we can get that VB < H*™(Q)xH™(Q) is a bounded set
that includes in the ball {|(u,V)],n_,» <R}

IS@) WUy Vo)[! en e =Yl "o <l " w FC<R+Cy(t20,(u,,Y,) € B).
This shows that S(t)(t > 0)) is uniformly bounded H?™(Q)x H™(Q).
2) furthermore,for any (u,,v,) € H*™(©) x H™(Q2),when t > max{t,,t,}, we have,

2 2
en [V pon + Ve
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2
H2m +||V

2
H2mm "u

S )Wy vo) o SRRy
so we get B, is the bounded absorbing set.
3)since E =H"(Q)xH™(Q) > E,=H"(Q)xL*(Q)is compact embedded,which means
that the bounded set in E, is the compact set in E;,so the semigroup operator S(t) exists a
compact global attractor A.
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