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ABSTRACT

In this paper, we study the Hausdorff and Fractal dimensions of the global attractor for a class
Kirchhoff-type equations with strongly damped terms and source terms. We testify the
dynamical system associated with above-mentioned models is Frechet differential under
suitable conditions. Furthermore, we obtain a precise estimate of Hausdorff and Fractal
dimensions of the global attractor.
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1. INTRODUCTION

Guoguang Lin and Xiangshuang Xia [1] studied the existence of a global attractor for a
Kirchhoff type equations with strongly damped terms and source terms. Furthermore, In this
paper, we consider the finite Hausdorff and Fractal dimensions of the global attractor for the
above mentioned models as following:

u, —M (||Vu||2 +‘va 2)Au - BAU, +9,(u,Vv) = f(x), (1.1)

Vi + M (VU + [V ) A)V + BA)Y, + g, (u,v) = £,(X), (1.2)
u(x,0) =u,(x),u,(x,0) =u,(x), xeQ, (1.3)

V(X,0) =V, (X), v, (x,0) =v,(X), XxeQ, (1.4)
u(x,t)=v(x,t)=0, xeoQ,t>0, (1.5)

whereQis a bounded domain inR"with a smooth boundaryoQ,>0is a constant and
f,(x)(i=12)is a given source term. Moreover, M (|Vul’ +HV”‘VH2) is a scalar function. Then

the assumptions on M and g; (u,v) will be specified later.
Generally speaking, the Hausdorff dimensions has been studied by some authors .In 1990s, S
Zhou[2]
obtained a more precise estimate of the upper bound of the Hausdorff dimension of attractor
for strongly damped nonlinear wave equations,
u, —aAu, —Au+h(u)+ fu)=9, xeQ,t>0,
u(x,t)|,..0 =0, t>0, (1.6)
u(x,0) =u,(x),u,(x,0) =u,(x), xeQ.
Meanwhile, He also obtained Hausdorff dimension decreases as the strong damping grew for

large damping. Later, Xiaoming Fan and S Zhou [3] got the Hausdorff dimension of Kernel
sections, which
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decreases as the strong damping grew for large strong damping under some conditions,
particularly in the autonomous case.
In recently years, the studies about the estimate of dimensions is developing. In 2014, Meixia
Wang, Cuicui Tian and Guoguang Lin [4] got the upper bound estimation of the Hausdorff
and Fractal dimensions of attractor.

u, +u

XXXX

+uXX+%uf=O. .7

In 2017, Yunlong Gao[5] considered the Hausdorff dimension of a global attractor for a class
of strongly damped Higher-order Kirchhoff type equations:

Uy +(8)"u, + (@ + BV ) (A U+ g(u) = F(X), (1) € 2x[0,+0),
(1.8)
u(x,0) =u,(x),u,(x,0) =u,(x), xeQ, (1.9)
u(x,t)zo,%:o, i=1,2,L ,m-1xedQ,te(0,+x0). (1.10)

Thanks to the previous results of the Hausdorff, we investigate the Hausdorff dimension of
the high and low order coupled Kirchhoff-type equations. Firstly, we obtain the solution’s
semigroup is Frechet differential. Then, we establish a more precise estimate of the Hausdorff
and Fractal dimen-

sions.

2. The Estimates of the Hausdorff Dimensions for the Global Attractor.
In this paper, some inner product, norms, abbreviations and some assumptions (H;) —(H,)

and
notations needed in the proof of our results is refer to[1].
2.1. Differentiability of the semigroup.

In order to estimate dimensions, we assume: (H,) :there exists £, 44 ,such that

w (V0 +Ivmel) >0
0<u <M(Vu[ <[V, u=i .
o (Ve +[ve ) <o
(21)

and M ([vul’ +[v™v[) eC:(@).

(Hy) :For every M >0 ,there existk =k(M) such that :

m~ 2
AR VH ), (2.2)

9y, (au+(1-a)u,v)— di, (u,V)H < k(HVU —Vu”ﬁl +‘

m~||%
V-V VH ), (2.3)

for anyu,u,e HE(Q);v,v e H(;“(Q);||Vu||,HVuHS M ||Vv||HV\~/H <M,and a €(0,1),6, >1

g (U v+ (1-a)v) - g, (u )| < k(| vu - vul” +‘

The inner product and the norm in E; space are defined as follows:
Vo, =V, . G) € By, (1=1,2) , we have
(@ @)e, = (VU, VU ) +(VV, V) + (P, ) + (6, &) (2.4)
leale, =IVulf +[vmalf +Iml + (2.5)
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Setting Vo= (U,v, p,q)" €E,, p=U, +&U,q=V, +&V, 0< & < min{l’ﬂl(ggzﬂ)’ﬂl (3—2,[;’)’

2
5228 ++(5+248)* +162.8 522" +\(5+24"p) 16451 the Eq, (L1)-(L5)
; , y , - (LD)-(1.
is
equivalent to
@ +H(p)=F(p), (2.6)
where
eu—p
(o) — &V —Q
D)= o+ pea)p+etus (- pe)au | @7)
-+ B(=A)"q+ v+ (1- fe)(-A)"V
0
0
FO= M vulf + v A - g, + £,00 |
(LM (vl +[V™V)IEA) "V - g, v) + £,(0
(2.8)
Lemma2.1.1. For Vo= (u,v, p,q)" €E,,we get
(H(p).0)e, 2 7ol +§<||Vp||2 vl 2.9)

Proof. By (2.4),(2.7) we get
(H(9),9)g, = (sVU—Vp,VU) +(—gp+ B(-A) p+&°u+ (1 f&)(-A)u, p)
+(eV™V=V"q, V™) + (—&q+ B(-A)"q + e’V + (1— Be)(-A)"V, Q)
= g||Vu||2 —é| p||2 + [5'||Vp||2 +&°(u, p)- Be(Vu,Vp) +
gHvaHZ — g||q||2 +ﬂHquH2 +&2(v,q) - Be(V™V,V"q).

(2.10)

By employing holder’s inequality, Young’s inequality and Poincare inequality, we process the
terms in (2.10), we have

2 2 2 2
) £ 2 & 2 £ 2 & 2
> ulf =< plf = -=—|Vul* -
cmz-S il S ef 2SS e
6‘2 2 82 2 6‘2 m. |2 82 2
e W R
(2.12)
_ﬂg(w,vmz_%nwnz—%nwnz. (2.13)
—Be(V™V,V"q) > —%\vmv ’ —%vaquz. (2.14)

By the value of ¢ ,and substituting (2.11)-(2.14) ,we have
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(R e, > 65—V G DIVl = lol +Glvol

2 2
re-BE E o+ (%—%)HV”‘OIHZ + =)l +§HV”‘qH2

& (vl + 7 +1of 1o+ qvpf +[a]"

~Zlolf, +2.qvplf +[val)

.(2.15)
The proof is completed.
The linearized equations of (1.1)- (1.5), we have

Uy + MV + 9™ YA +2M (9uf? + [V IVu, YUY + (77, 97V )l -A)u
+B(-A, +g,, (U,V)U +g,,(u,v)V =0 :

(2.16)
Vo + MV + [V A"V +2M (Rl + VIV, VU) + (7™, VV)I(-A)"
+6(=A)"V, +9,,(u,vU +g,,(u,v)V=0 ’

(2.17)

U X0 e0 =0V (X )]0 =0, t>0, (2.18)

U(x,0)= é:l’Ut(X1 0) = M.V (x,0) = fz,Vt(X, 0)= . (2.19)
where (&, &,,m,1,) € Ey, (U,v, p,q) = S(t)(Uy, Vg Py, Uy) is the solutions of (1.1)-(1.5) with
(Ug: Vo, PoGo) €A. Given (U, Vg, Py, dp) € Aand S(t) 1 E; - By, the solution

S(t)(UO’VO’ pO’qO) € EO’

by stand methods we can show that for V(&,,&,,7,,7,) € E; the linear initial boundary value
problem(2.16)-(2.19) possess a unique solution (U (t),V (t), P(t), Q(t)) € L*((0, +x); E,) .
Theorem2.1.1. For Vt>0,R >0 the mappingS(t): E, = E,is Frechet differentiable on E,
It’s differential ato=(U,,V,,U,,V,) is the linear operator onE;:(&,&,m,m)" —

U@®).V (1), P1), QM)
,whereU (t),V (t) is the solution 0f(2.16)-(2.19).

Proof. let @, = (Ug, Vy, pw%)T e E,, $0 =Uy+&,Vy + &0 Po +71,0 +772)T € EoWith ”(pb”;s0 <R

0], <Rwe denote u,v, p,a)" =S(©),BUR,¥ =S(t)@. We can get the Lipchitz
property of S(t) on the bounded set of E, ,that is

2 C
Hs(t)¢)o _S(t)‘ﬁ)HEO <e™' (& 5217711772)”; : (2.20)
Letd = oy -U,6, 2%—V—V, is the solution of problem:

Oy + M (VU [V )28, + B(-2)8, =h,, (2.21)
O + M (VU + V™[ )(-4)"6, + B(-4)"6, =h,, (2.22)
6,(0)=6,(0)=0, (2.23)
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6,(0)=6,(0)=0, (2.24)
Setting s = | Vul] +HV"‘VH2 Yo va’fﬂz +HV"‘° " then
h = (M (s) = M () (=) 2M (s)[(Vu, VU) + (V"V, V™V)](— A)u

+0,(u,v) - g, (W% + g, (VU +g,, (U
(2.25)
h, = (M (s) = M (¥)(=A)"Ve- 2M (s)[(Vu, VU) + (V"V, V™V)](~A)"V

+0,(u,v) - 9, @+ g, (U, +g,, (u,v)V
(2.26)
Taking the scalar product of each side of (2.21) with&,,,(2.22)with&, ,and adding them
together,

1d

2 dt (|
(2.27)
Setting u = u — v = v —¥,by (H;), the mean value theorem and Lemma2.5.,we have

(M (s) - M )(-a)06,)

= (M s +@-a)¥(vulf - |véf vrilheake,) . (28)
= (M Tas + (1-)Q[(Vu, Vu+ V¥ + (V™v, V™V + V" H] (-a) %0, )

M Tas+@L— )M ()} (Vu, Vu + V¥ + (v, v™v + v W] (-a)%00, )

= M "(s)[es + L— o) ¥ s][(Vu, Vu + VI + (v, v™v + V"] (-a)%00, )

=M "(s,)(1— ) (¥ s)[(Vu, Vu + V8 + (V™v, Vv + V" H] (-A) 00, )

o+ 7]

=12

(M ()[(Vu, Vu+ V8 + (V™v, V™ + V"B [(~A) - (-A)u], 6,)
= (M '(8)[(Vu, Vu+ V8 + (V™v, V™V + V" W]V, v 6,)

ul+
uf +|vvDived

(M '(8)[(VU, Vu+ V¥ + (V™V, V™V + V"W (~A)u —2M (8)[(Vu, VU) + (V™V, V™V)](=A)u, 6,)
= (M (8)[(VU, Vu+ V¥ + (V"v, V™V + V"W - 2(Vu, Vu) — 2(V™V, V" V)] (=A)u, 6,)

=2 =12
| <[ vDIva
.(2.31)

Therefore, integrate (2.28)-(2.31), we have

"G, ) = (0, 6,) + (h,.6,).

1t 2t 1t

vy ALY

V|

=112
v )V

(2.29)

(2.30)

[vulived ’

\vauly
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(M (s) — M (&)(-A)Her-2M (8)[(Vu, VU) +(V™V, VV)](-A)u, 6,)

i
And similarly,
(M (s) — M () (~A)"¥-2M (5)[(VuU, VU) +(V™V, VV)I(-A)"V, 6,,)

=12
E
(2.33)
By(H,), (Hg) Lemma2.5.,thanks to

(,(U,v) — g, (U,v) - gy, (U V)U, 6,)
<)o - g, @) - g, @ va o]

- j 9. (@ + @-@uv) - g, vl
' uple]

(gl(u,v)—gl(u&)— 0, (UV)V,6,)

<19, (u,v) - 9, (U, V) — 6y, (U V)V] 6 |

-[; [glv(u,aw(l—a)v)— Ry

m= o+l
+(V'v

_p (2.32)
Vi)V

vy Z)HVmHZtH

(2.34)

6]

=6
V™v

. (2.35)
|6

Vm

)
Hence, by Young’s inequality, we obtain

(9, (u,v) 9, (8% + g, (U V)U +g,,(u vV, 6,)
= (9, (u,v) - g, (£0v) + g, (f0v) — g, (@O + g, (u, VU +9,, (U, V)V, 4,)

= (0,0v) - 0,#) - 0, WU, 6,) + (0,8 - 0, 8% -0, vv.0) - (230)
_(glu(u'v)ellglt) (glV(U,V)Hz,Hn)

=10+
V| )6+ Jow @l lele] o @)l o]

<(c
In the similar way,
(9, (u,v) — g, @ + g,, (U, VU +g,, (U, V)V, 6,)

=+l o+l
v 02l + 1920 @V 6111621+ (192, V)

=] (51+l
VUH +Cy

<t ole.]

v\_/‘

+Cps

L L

(2.37)
By(H4) (H ) .(2.32)-(2.33),(2.36)-(2.37),and Young’s inequality, we have

S0 el +uqval +[ve < ctlef +e.l +ﬂ(IIVHII +

2 v,

&+l 61+1 '

val'

+

HVu

‘Vv

reud

(2.38)
By Gronwall’s inequality and (2.20), we obtain
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o+l

)dz

2 2 2 m A |12 A =4 m_4 =16 +1 =
o +lea+ verf +|v7o.f) < et [ qval v «val |

< C16ec17t (”(511 Soi M1, )”:150 + ”(fl’ S0l 1T, )”il:l)

(2.39)
Since,
po-ew-vel, I R S
2 0_016e 7t 1S )| (6 St )| ) =0
||(§1’§27771’772)||E0 0 0
(2.40)

as(&,&,,m,m,)" —0inE; . The proof is completed.

2.2The Hausdorff Dimensions and Fractal Dimensions for the Global Attractor.
Consider the first varistion of (2.6) with initial condition:

¥ +P@)Y =T (@Y +T,(0)¥, P(0)=(& & m.7,)" €E,t>0,
(2.41)
Where ¥ =(U,V,P,Q)" €E,,P=U,+&U,Q=V, +&Vandp=(u,v, p,q)" €E,is asolution of
(2.6).

el 0 -1 0
. 0 £l 0 0
P77 221+ (1= Be)(=A) 0 el + B(=A) 0 ’
0 &1 + (1= Be)(=A)" 0 el + B(=A)"
(2.42)
0 0 00
Lo |0 0 00
D= g wy gy o o @)
_QZU(U’V) _QZV(U’V) 0 0
0
0
LY=o m(vuf « [v™Piea)u—2mevaf +[vvive, vu)+ (v, vV au
L-M(vulf +[v™v[ 1)V - 2M (Ul + [T, YUY + (T, VIV)I(-A) "
(2.44)

It’s easy to prove from Lemma2.1.2 that (2.41)is a well-posed problem in E; ,the mapping

S, (1) {Ug, Vo, Py =, + Uy, Gy =V, + &V, § — {u(t), (), p(t), a®)}, (t) = {u(t), v(t), p). a(t)}
is
Frechet differentiable onE,forvt>0,its differential at (p:{uo,vo,po,qo}T is the linear

operator on Eo,(fl,é:z,ﬂl,ﬂz)T — (U (t),V (1), P(t), Q(t))" ,where (U (t),V (t), P(t),Q(t))" is the
solution of (2.41).

Lemma2.2.1.[6] For any orthonormal family of elements of (E0,||.||EO ), (511 V& T T )T ,
i=12L ,n, we have
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2 n
| ey sedar s, ven 2.
j=1

(2.45)
where {lj }Z is the eigenvalue of (—4).

Proof. This is a direct consequence of Lemma V1 6.3 of [6].
Theorem2.2.1. If (H) —(H,),(Hg) hold, 4;,72,;,7,; satisfying

1

( ) .3
Byl [+ 221R M <
m

m 2 ;Lz(l_:u ) 0
_ﬁﬁ_ H’721H L2 . 0 212 RZk, <2 = € then there exists # > 0 ,such that the Hausdorff and

Fractalof dimensions of the global attractor A in E, satisfies

M
d, (A)<min{n|n e N,EZ(ﬂy-lmpw-lk £ L (2.46)
N = 16 35
dF(A)SZmin{n Z(/IV A l)< } (2.47)
1 =l C35
where R, is as in Lemma2.5.,and
(n—2)(g—1)—2’ n2 <p< n+§’n22,
5= n- ) n- . (2.48
O,n<2 or 0<pL——,n2>2.
n-2

)
Proof. Let n, € Nbe fixed. Respect tom, solutions‘¥';,*¥,,---,'¥',, of (2.41).At a given time

7,827 letQ, (S)denote the orthogonal projection in E,onto span{‘Pl(S),‘Pz(S),---,‘Pnl(S)}
Lety,(s)=(&. & .1, )T e E,, j=L2,L ,n be an orthonormal basis of

Q, (E, =span{¥,(s), ¥,(s),---, W, (5)},  (2.49)
With consider the inner product (,)e, and norm||-||Eo
Assume
o(s) = (u(s),v(s), p(s),a(s))" € A. (2.50)
Then||§0(5)||EO <My, Vs=>1 .ByHyjHE0 =1and Lemma2.1.1.,we have
~(P(p())Y;(5), ¥;(5))e, < ————Hv Al —EHV%,H
(2.51)
By(H,)
(T, (@(9))Y;(5), Y;(9))e,

< (90 UG, 175) + (90, (U S5 7;) + (9, (U V)G 175) + (92, (U V), 0725)

<o VGV i+ e [V |V |+ €[V |97 |+ o [V |9 |
(2.52)

Then, by the Soblev embedding theorem:
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HM(Q) cH™(Q) c H' (@ HY Q) cH™(Q), ve[0l].  (253)
Therefore,
(T (@(s))y;(8), Y; (),
< o[V & [V 7 [ aa [V & [V 0 [+ 03 [V |9 s 26 [V 9 |
T (N I e O LM R e
(2.54)
By (H,), (H;) and Young’s inequality, we have
(T, (@(s)) Y;(5), Y (8))e,
< Q=) |V [V [+ 2RSK6 [V & |V 2, + 2R3Ko [V [V s |
+ @) [V [ [V [+ 2R3 [V 6 [V |+ 2R5 VU [V (255)

1

A2(1— 1 A2 (1— m
) 222R2K, LA ) 2272 Rk,
2

Choose 4;,,;,7,; satisfying

L m

A2 (1- 1 A2 (1- m
—2/1,- H7711H2+ ’(2 ﬂ°)+2/1j2R§kos%, gﬂ}”an,-HZJr : (2 'u°)+2/1j2R§kOs%

(2.56)
We obtain

P, (8) = Zn_l:((—P((ﬂ(S)) + I (9(8)) + T, (2(5)))Y;(5), Y (8))e,

1

A2(1- 1
o N N e R N I N e
J

ﬂjz(l_/uo)
2

m 9 L S 2 mo 2
+247 Roko)JrZ;cgts(Hv 511” +HV 521” )
j=

£ &5 mo
s-§n1+2c352(/1f1+/1j“)

=

(2.57)

£ 1 ;

>— /1‘”+/1f“‘>_1 then
16c35 121: ),
1 ~ e
d, _!Lrgmfsugqs)ug sup _[ p,, (s)ds < 2nc35( ——Z(/”tf1+ﬂj"1))<0,
reR OBy p(r)ea b L

(2.58)

which imply that we obtain (2.46),(2.47) by Lemma 4 of [2].
The proof of Theorem 2.2.2. is completed.
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