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ABSTRACT

The paper investigates the longtime behavior of the initial boundary value problem for a
system of coupled wave equations of higher-order Kirchhoff type with strong damping terms.
Under the appropriate assumptions, we conclude the existence and unigueness of solution by
a priori estimate. After that, we show that the corresponding continuous solution semigroup
possesses a global attractor which is compact by the method of operator semigroup.
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1.INTRODUCTION
In this papar, we are concerned with the following coupled equations with nonlinear higher-
order Kirchhoff type:

Uy +M (D" + D™ )=A)"u + A(-4)"U, + g,(u,v) = £,(x), in Qx[0,+0), (L.1)
Yy + M (DU + D™V )A)"V + BA)™Y, + g, U V) = F,(x), i Q@x[0,+w),(1.2)

u(x,0) =u,(x), u(x,0)=u(x), xeQ, (1.3)
V(x,0) =V, (x), V,(X,0)=v,(x), XxeQ, (1.4)
il4:0, i\./:0, i=0,12,....m-1, xedQ, t>0, (1.5)
on' on'

where Qis a bounded domain inR"with smooth boundaryo2, B >0is real number and
m>1is positive integer. M (s)is a nonnegative C*function. ndenotes the unit outward

0 . o
normal vector onoQ), and;represents the ith order normal derivation. g;(u,v)and
n

f,(x)(j =1,2)are given functions to be specified later.

To promote our study, let’s take a look at some results concerning wave equations with
Kirchhoff type. For the form of the single wave equation with Kirchhoff type :

U + M ([Vull)Au+g(u,) = f (u), (1.6)
in the case of M =1, it has been extensively studied and various results regarding existence
and nonexistence of solutions have been demonstrated[1-5]. While as for M is not a constant
function. S.T.Wu and L.Y.Tsai[6] proved (1.6) the blow-up of solutions for the strong
dissipative term—Au,and linear dissipative termu,, and also showed the nonexistence of

global solutions for the nonlinear dissipative term |ut|m_2 u, withm>2 . K Ono[7] constructed a
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unique global weak solution of (1.6) when g(u,) =5Au’and showed blowing up of a local

solution with M (s) =s”and f (u) =|u|“ u under the condition that initial energy is negative. In

addition, the global existence of solution of quasi-linear wave equation was derived by many
authors[8-9]. For the form of High-order Kirchhoff type. Fucai Li[10] studied the higher-
order Kirchhoff type equation with nonlinear dissipation:

Uy +(UD’”U‘2 dx)q (-A)"u+u,|u| =[u]’u, inQx(0,+00), (1.7)

he obtained that solution exists globally if p <r, while if p>max{r,2p}, the solution with

negative initial energy blows up at finite time.
Guoguang Lin, Yunlong Gao and Yuting Sun[11] considered the following higher-order
Kirchhoff equation:

Uy +(=A)"u, +D"u AU+ gU) = F(X),  inQx(0,+w), (1.8)
they acquired the existence and uniqueness of solution and the existence of global attractor,
the estimation of the upper bounds of the Hausdorff and Fractal dimensions for the attractor

were set up later. Guoguang Lin, Yunlong Gao[12] discussed the longtime behavior of
solution for a system of strongly damped higher-order Kirchhoff type equation:

U+ (-A)"U, + (a + AP ) (-A)"u+g(u) = F(X), inQx(0+),  (L9)
they got the existence and uniqueness of the solution by the Galerkin method and obtained
the existence of the global attractor in H]' () x L*(Q2) according to the attractor theorem,
besides, the estimation of the upper bound of Hausdorff dimension for the attractor was
established.

Qingyong Gao, Fushan Li and Yanguo Wang[13] proved that the solution blows up in finite
time under suitable conditions on the initial data,

u, +M (HD"‘UHE)(—A)”‘U +u ) u =]ulu,  in Qx(0,+0). (1.10)

As far as the system of equations with nonlinear Kirchhoff type, let us recall some results
regarding it. J.J.Bae and S.S.Kim[14-15] consider the global existence and decay rates of
solutions for the transmission problem of Kirchhoff type wave equations consisting of two
physically different types of materials. S.T.Wu[16] considered the decay estimates of the
energy function and the blow up of solutions in finite time when the initial energy is
nonnegative,

U =M (VU +[9v[)au+ [ g(t—s)au(s)ds +]u" u=, u,v),

, , t . (1.12)

Ve =M (VU +| V| )Av+j0h(t—s)Au(s)ds+|vt| v=f,(u,V).
Yaojun Ye[17] dealt with the existence of global solutions by constructing a stable set in
Hy' () x Hy* () and gave the decay estimate of global solutions by applying a lemma of
V.Komornik,

U, +<I)(HD”‘1UH2 +HD”‘2v A"+ alu, " u, = f,(u,v),

) , 2 (1.12)
v, +CD(HD”‘1UH +HD”‘ZV YA v +al [y = L (u,v).
Motivated on the above, our first purpose of the present paper is to show a unique global

existence of solution for the problem (1.1)-(1.5); our second purpose is to obtain the existence
of global attractor.
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2.PRELIMINARIES AND MAIN RESULTS
In this section, to state our main results, we need the following assumptions and notations.

We utilize the standard Lebesgue space L”(€2) and Sobolev space H™(Q) with their normal
inner products and norms. Let|| [and| | denote the normal L*(€2) norm and L (€2) norm,

meanwhile we introduce H™ (QQ) = {V‘D‘v e L*(Q),]i|< m}, and

add the following abbreviations. Let A=-Awith domain D(A)=H?*(Q)NHI(Q). We
consider a family of Hilbert spacesV, = D(A¥?),a € R, whose inner products and norms are

given by ("')Va = (Aa/z, Aa/z) and||-||v —||p¥? H
obviously,

V,=L%(Q), V, =H"xH], V, =H""xH},
let

E, =V, xV, xV, xV,,
E =V, xV, xV, xV_.
We make the following hypotheses.
(H1) M e Cl([0.+oo), R) is not decreasing and for positive constants m,,m,,

(1)0<B<m, <M(s),

(QM(s)s > [ M(z)dz , foralls 20,

B)M’(s)<M(s),
(H2) g,:R™ —>R(@i=12)andG,(u,v) = j; 9,(&,v)d&, G, (u,v) :'[OV 9,(u,7)dn. For any
u,veV,setJ(u,v) = IQ[Gl(u,v)+Gz(u,v)], there areC > 0,C(g,) >0, C(u,) >0, and for any
1, >0, 1, >0, we have
(9, (u,v),u)+(g,(u,v),v)-CJ(u,v) 2—;11(HD"‘UH2 +HD”’VH2)—C(/,11),
3) 2 4, (|0"u] + D™ ) ~C ).
(H3) g,(i =1,2)are differentiable non-decreasing functions such that

{ |0, (u,v)| < C,@+|u[ +v]"),

|9, (u,v)| < C, @+|ul” + V")

Lemma 2.1([18]) Lety be an absolutely continuous positive function on R™, which satisfies
for some ¢ > Othe differential inequality

L y+ 2000 < 9O O +hO, 150, (2.1)

whereh e L} _(R")and

loc
t
[a(ydy<et-r)+m, fort=z>0,
with somem > 0. Then

t
w(t)<e” [w(s)e“““s’ + j|h(y)|e"“”dy], Vt>s>0. (2.2)

Progressive Academic Publishing

www.idpublications.org]



European Journal of Mathematics and Computer Science Vol. 4 No. 1, 2017
ISSN 2059-9951

Theorem 2.1 Let(u, p,v,q)be the solution of system (1.1)-(1.5). Assume(H1)-(H2),
f.(X), f,(X) € L*(Q), Uy, Py, Ve, ) € E, - Then it satisfies (u, p,v,q) e L* ((0,+0); E,), and

an)s@e-mkfk =140 @3

3 0

where p=u, +e&u,q=V, +¢&v,Ey(t) =

+HD VH +||q||2 .
Thus there exists a positive constantc(R,) andt, =t,(€2),

@, pv. o)l =[]+l +[D™| +al* <c(Ry). (2.4)
Proof. Multiplying equation (1.1) by p=u, + su and integrating it over Q, we have
Uy P) = (P, —e(p—2u), p) == >4t ||p|| —z|p| +&*(u,p), (2.5)

(Mo’ [ov -8, p) = S (o + o]y 2 [oruf

) ) , (2.6)

+eM (D"l +[D™[)o]
(B2, p)=ﬁHD"‘pH2—ﬂ8(Dmu D"p), 2.7)
(9,(u.v), p) = i [ 0. vidgdx+2(g,(uv)u), (2.8)

then summing (2.5)-(2.8) up with other inner product terms
d d u

2L ol + Mol +om ) S + [ [ 016 v

reM([Dmuf +[o™) D" ~¢|pff + 2w p+B[D"R[  (@29)

—fe(D"u,D"p)+ (g, (u,v),u)=(f.(x).p),
similarly, multiplying equation (1 2) byq=V,+e&vand integrating it overQ, we get

o VH) HDmVH iQ [!" 9, .7, )l
+&eM (HDmuH +HD"‘ —g||q|| +¢92(v,q)+,BHquH2 (2.10)

- Be(D"V,D"q) +£(9,(u,v),v)=(f,(x),q).
Taking (2. 9) +(2.10), it follows that

L I e ol el 2000

2 Sl +

2 dt

+eM (HD”‘UH2 +HD'“VH2)(HD"‘UH2 +‘ D"v 2)
~&(lpl] +[al) + & ((w, )+ (v, )+ A(D"p[ +|D"a]) (2.11)
—ﬂg((D”‘u, D"p)+ (D", D”‘q))+g(gl(u,v),u)+g(gz(u,v),v)
=(1,00,p)+(1.(2).0).

By applying the Holder inequality, Young’s inequality and Poincare inequality, we deal with
the several terms of (2.11) as follows
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~e(lpl” +lal) +£* (. )+ . @) = (e =PI+l - -l + V). 212)

2
2= (o] +[o), @13)

p(p"p| +[D"a|) - A= ((D™u, D" p) + (D™, D"q))
>~ 22 (ol +|om )+ (8- L0 ol +Jal
An(m,— B) —(ATB+4)+ (A B+4Y +841 A }
2 ’ 2 '
Inserting (2.12)-(2.14) into (2.11), and obtain

10 [ o o s
ga{k M ()dz -+ + [l +2J(u,v)}

2
&
=l + M) = -

(2.14)
D™v

withO < ¢ < min{Z,3

+eM (D™ +HDmvH2)(HDmuH2 +HD”‘VH2)

ap-EL o= ol i @19
24"
< —g(gl(u,v),u)—g(gz(u,v),v)+i (I +5[-

By using assumption (H1), we have
aM(omuf +[om )

+( ™[

Lo +

o o)

> EIHDmuHZ+HDMVHZ M (z)dz + 3m_og (||D’"u||2 N " Dmv”Z) (2.16)
A 4 .

and utilizing hypothesis (H2) with x4, = gand k, =k ()= 5C(§) , We get

~£(9,(u,v),u)~£(g,(U,v),v)<—£CI(U,v)+ %(HD”‘UH2 +HDmvH2)+kl, (2.17)
combining (2.16)-(2.17) implies that

d mu2+ my|?
E{LD [ M(r)dr+||p||2+||q||2+2J(u,v)}

+§ M (HD'“UH2 +|D"™v 2)(HD'“uH2 +HDmVH2)

+(247 8- (A" B+ 8- (|p| +[lal) (2.18)

+2£CJ (u,V)+[ £ +M](HD'“UH2+ )

—E 5 D"v

1
<o+ Lt |1

By using (H2) with x, = % and obtain
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H ROV ERSITROR TN

(2.19)
2 2
> Lo o)+ 3w ey o
setting
o) =] ooy @)dr+|p|f +aff +23@,v), (2.20)
there exists constantsk, = 2C(§) andk, = min {%ﬂ,l} , such that
D(t)+K, > k,E,(t) >0, (2.21)
where E, (t) = ? +HD”‘VH2 +||q||2 ,duetoC <1, <2, g =Cg¢,
mln{ (24" B+ (A B+8)e-¢ )} (2.22)
denoting o(t) = d(t) +k,,
d 1
PO+ ap® <2k +2—g(|| £l -+ 5[5, (2.23)
o(t) < p(0)e ™" + AL +1515). (2.24)
0
where we use the Gronwall inequality, and hence
90) -, 2k,
E, (t) < e 1 +k—3[ A (|| | f2||2)} , (2.25)
then
2k, C
I|m||(u p,V, q)|| <E,(t) <—[— = (| fl||2 +| f2||2)j, (2.26)
k;\ & 2
that is , there exists a positive constantc(R,) andt, =t,(€2) , such that fort > t,,
. pv. ol =[] +pff +[D™| +[alf <c(Ry). (2.27)

The proof of theorem 2.1 is completed.
Theorem 2.2 Let (u, p,Vv, q) be the solution of system(1.1)-(1.5). Assume(H1)-(H3),

f,(x), f,(x) e H™(Q), (U, Py, Vo, T) € B, |(F )| +[(F,,v)|<2C,.  Then it  satisfies
(u, p,v,q) € L”((0,+o0); E, ), and

E,(t) < e"”(gem E lf (L—e ™y, (2.28)
where E () = qH :
Thus there exists a positive constantc(R,)andt, =t,(Q),
I(u, p.v, q)||2E1 = HA”‘UHZ +HDm pH2 +HAmvH2 +HquH2 <c(R). (2.29)
Proof. Multiplying equation (1. 1) by( —A)" pand integrating it overQ, we have
(U, (-A)"p) = 2 " HD”‘ pH —¢||p" pH +£%(D"u,D"p), (2.30)
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(M o8, )" p) = M (ol + o) Sfanul o
2 2 2
+gM(HDmuH +HDmv )HA”‘UH :
(BC2)"u, (-4)"p)= B|A"p[ - Be ((-a)"u,(-A)" p), (2.32)
then adding (2.30)-(2.32) up with part scalar product terms
1d jam 1 m oIy 9o
Ea D p 2+EM( D"u 2+HD VHZ)E A"U ?
+em(pru o )]am] -« [o"pf (2.33)

+£(D"u, D"p)+ B[A"p[ — Be((-A)"u, (-A)" p)

+(9,(u,v),(-4)"p)=(D"f,,D"p),
and similarly, multiplying equation (1.2) by (-A)™q and integrating it over Q, we get
1d

2 dt

A"p

1 m m d m
Mol o) g

D"q

2

+&M(|D"u D"v 2)HA"‘VH2 —gHquH2

+£2(D", D"q) + Ba"q| — pe ((-4)"V, (-4)"a))

+(9,(u,v),(-A)"q) = (D" f,,D"q).
Taking (2.33) + (2.34), it follows that
S Mol o sl «fary

+aM (oru -+ [onv)(fanu +

+

(2.34)

f+[o"p[ +[o"d[" |

)=e(|o" | +[oa[)
(00" 00 5] e

~ Be[ ((-8)"u,(-2)" p)+((-4)"V,(-4)") | (2.35)

[ (9,uv), (-4)" p) +( g, (uv), (-4)"q) |
=(D"f,D"p)+(D"f,,D"q)

A"V

5 s anfymeoruf + Jorvf g ol + oy

By utilizing the Holder inequality, Young’s inequality and Poincare inequality, we handle the
certain terms of (2.35) as follows
D"p| +[D"q[) + & ((D"u, D"p) + (D", D"q))

2
—&( +

52 m || m |2 ‘92 m, |2 m, |2 (236)
=(e=3)(D"p[ +[Da)~=-(p"u] +[D"v|).
2 2
—%( D"y’ +HD"‘VH2) 2_21”‘ (HA”‘UH2 +|A™v 2, (2.37)
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AAp| +]ama|) - B[ ((A)"u. ()" )+ ((-4)"v, (-4)"0))

2L o +Janfy + (8- LD f
2B ~(A" B+ AT+ 4+ (A" B+ AT +4) +8A"
L+1 2 '
Putting (2.36)-(2.38) into (2.35), and get

L3 omuf + o jamuf +HAmvu )

(2.38)

With0<g<min{

Dm

“+|oaf’]

+eM([orul +[om[arif

{5

Loy araff +ay+[ (g0, -)" ) (2.39

2
D"p A"q| )

"+ oraly+ (p-Eox(jan| +

82
—
+(9,(u V). (-2)"q)]

1 m m 1 m m
= (ot +for e+ 2 amuf +Jamv)

M (ol + [orf o).

By applying assumption (H1), we have
&M (HDmuHZ +HDmvH2)( Amulf +HA'"VH2)

(2.40)
T (arul +fa)

(Al +an)+ ==

and using hypothesis (H3) , the Holder inequality, Young s inequality as well as Gagliardo-
Nirenberg inequality, we get

2 2 r 2
o, =] o, "+ ) e

_ CfIQ (@+2[uf +2Jv| + 2|u|2r + |v|2r +2[u[ ]v]")dx

(2.41)
<CP [ @+l ful" + 1+ +2[uf" +2]v[" )ax
= 3" (L+ull; +[VIL)
in a similar way
oI <3C,* @l +M.) (242)
moreover , according to Gagllardo Nirenberg inequality
2mr— n(r -1)
Jutf; < CHD”“UH lu 1sr<—2" nsom,
) n(r " n—2m (or r") (2.43)
||\/||2r <C HDmVH . 1<r <o, n<2m.
consequently
o, U, V)[* +]g, )| <C,, (2.44)
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l(9:00). 4" P)+ (ga(0) (-a)"a)| 2 - 22~ ampf +[ael). (249)

Applying Poincare inequality to (2.38) and (2.45), we have
(ﬂ—%—gxum p|| + A= A" (ﬂ—%—g)(ﬂw o +
And utilizing Theorem 2.1 and Holder inequality, we get
S s omqonu + o £ o +

A" . (2.46)

D"q

2

D"v

)

2 2 2 2
+[orv] o] +[omv [

2 2)( Dmu

2)(HDmutH2 +[pmy, HZ) (2.47)

)

“+|oal’|

< (HA"‘UH2 + HA"‘VHZ)M '(HD”‘U D"v

+

§C4(HAmUH2 +HAmvH2)M( D"u|” + D™

<c,([pu] +|p™")

D"y,

2 2
A"ul| +[A™v +

D"q

(M(HD’“UHZ+HD’”VHZ)( “Y+[p"p
Substituting (2.40)-(2.47) into (2.39), we obtain
%[M (ol +[ov)(amulf +[amv|f) +
&
+EM(

D"p

D"u ’ +HD"‘VH2)( A"u ’ +HA"‘VH2)

(220 8= (4 p+ 20 + )z =) (D" | + D)

+[_% . Mj (|l +[am[)

si(HDmfluz+HD"‘f2H2)+ZC4(HDmutH2+

D"q

(2.48)

)

D"y,

(mom]" + o) famul +[amv[)+ o p[f +[D"

)
where we set

2k, = min{g,zzpﬂ—(apmw +4)g—52} ,

w(®) = M (D" +[omv)(amu| +|a™[)+ " p[ +[D"a[ .

D"p

D"q

a(t) =2C,(|D"u [ + D™ ), (2.49)

D"y,

and hence
d
ay/(t) +2k, () <gt)w(t)+C,, t>0. (2.50)

Taking L?-inner product byu, in (1.1) andv, in (1.2), combining them

%%[”ut I° |V + joDm“zwmvz M (r)dz +23 (u,v) - 2((f,,u) +( fz,v))} 251

+4(P"u] o[-0

integrating the above formula over[t, ), we get.ftw 2C, (HDmut H2 +HD'“th2) <C,,
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that is L‘g(y)dy <k,(t-7)+l, t>7>0, (2.52)
with somel > 0.
Then
w(t)<e' (W(O)ek“t ) ek4(‘y’dy), V>0, (2.53)
I kgt Csel kgt
w(t)<ew(0)e ™ +k—(1—e “), (2.54)
4
letk, = min(A,1), and hence
| —k,t I
£ ()< G g gny, (2.55)
Ky k,Ks
And then
e 2 C el
lim||(u, p,v, Q)] < k:’ks , (2.56)
that is , there exists a positive constantc(R ) andt, =t (Q2), such that fort >t ,
m 2 m 2 m 2 m 2
I(u, p,v.q) 251 =HA uH +HD pH +HA VH +HD qH <c(R). (2.57)

The proof of theorem 2.2 is completed.

3.GLOBAL ATTRACTOR
Theorem 3.1 Suppose that (H1)-(H3) hold, and (u,, p,,V,.q,) € E,, f;, f, € H"(Q), then the
initial boundary value problem (1.1)-(1.6) exists a unique smooth solution

(u(x,t), p(x,t),v(x,1),q(x,t)) e L ((0,+0); E, ). (3.1)
Proof. Applying Theorem 2.1 and Theorem 2.2 with the Galerkin method, we can easily
obtain the existence of solution. Next, let us prove the uniqueness of solution in detail.

u u
Assume thatW, =(V1j W, =[V2Jare two different solutions of the problem (1.1)-(1.5), let
1 2

u . ,
w :( ] =W, —W,, then the two solutions satisfy
v

ultt +M (HDmu1H2 +HDmV1 ‘2)(_A)mu1 +:8(_A)mult + gl(ulfvl) = fl(X),

Vi + M (D" + [0 M), + AR + 0, (1) = () (32)
ul(X! 0) = uo1(x)? ult(x’ 0) = ull(x)!
Vy(x,0) = V01(X); Vi (%, 0) = vy, (X).

U + M (D0, + D™, [ )(-8)"u, + B(-8)"y + 8,(U,, V) = F,(X),

Vo + M (D" [+ D™, A, + BA Y + 0, (0, 0) = 10, (33)
U, (X,0) =Ug, (X): Uy (X,0) =u,(X),
V,(X,0) =V, (X)s Vo (X,0) = V3, (X).

let (3.2) subtracts (3.3), we have
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U, +M(|D"u, g D"y, 2)(—A)mul—M( D"u, i +HD”‘V2H2)(—A)”‘U2
+B(=A)"u, + 9, (U, V1) = 9, (U, v,) =0, (3.4)
v, + M (D", + D™, [ )(=A)"v, - M (D", | + D™, [ )(=A)",
+IB(_A)th + gz(ul’vl) - gz(uz’vz) =0.
Multiplying the first formula of (3.4) by u, and integrating it over Q, we get
2 + (Mol 0" - M (D" [+ o )4y, u
+B|D"y, HZ +(9, (U, V) — 0, (Uy, V), U, ) =0, (3.5)
multiplying the second formula of (3.4) by v, and integrating it over Q, we get
2ol + (MDuf 4 [Dma ) Mo+ D7 )"
+ﬂHD’“th2 +(9,(u,v,) - 9,(u,,v,),v, ) =0, (3.6)
taking (3.5) + (3.6), it follows that
S+ I+ (M D" + o -2,
-M (HD”‘UZH2 +HD"’VZHZ)(—A)’“UZ,ul)+(M (HD”‘ulu2 +HD"‘V1H2)(—A)mvl
Mo+ o)) v )+ Ao o)
+(gl(u1'V1) - gl(UZ’VZ)’ ut)+(gz(ul’vl) - gz(UZ,Vz),Vt) =0. (3-7)

By exploiting the Holder inequality, we obtain

(Mo + o™ ) -4)" (1, ~u)+ M D" + D™ [ )-2)",

D",

Mo, [+ D™ -a)"0 v,

2

1 20 d i m 2
=S M( ) [P + M) (¢

D"u,
+(|p™u] + [P oo™ [P ) -),

],
(3.8)
and by applying Young’s inequality and Theorem 2.1 and 2.2, we obtain

M(@)((o"w]+[D"u:pOru|-[D"u,)
+{Jomw ]+ [P o™ |=Omv ey ueu
<Cy(|pu]+[Orvplu

D"u,

+

D"y,

+

D"u,

)(|o"u|-[o"ue]y

2
<, (o +orvf + 140 (39)

similarly
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(M (HDmU1H2 +HD”‘V1H2)(—A)m v, —v,)+M (HD"‘ulH2 + HDmvluz) (=A)"v,

2

~M(

D"u,

m
+|D",

A" v

- % M ([D"u +

D",

) %\\Dmv\\z +M'(7) (D", |+ [D"u, p(D"u| - D", )

+ (H Dmle +

m
D",

o[04 510

W) ((07u ]+ [o7u o -[o)
o[ wp o [0 -4y
)V

+(

+

m
D",

v

SCs(HD”‘uH+ D"v

2
<cy(oraf +Jorf + 4D, (311)

by utilizing Young’s inequality, Poincare inequality and Theorem 2.1 and 2.2, we get
|(g1(U1,V1) - g1(u2-vz)- Ut)|
= |(g1(U1,V1) - (gl(Ul,Vz) + (gl(Ul,Vz) - gl(uz 1V2)1 Ut)|
(ol =Pl ]Gl )

< ‘C(1+|v1|r71 +v,[ v, uy)

< +

CLt|uy| ™ +]u, u, u,)

]

+

< HC(1+ |v1|r7l + |v2|r71)

e @ )

2
u
<yl + 2y

2
<Gy (" [omulf + 27 o™ +@), (3.12)

in a similar way

2
(9 (U V) = 8, (U, V), )| < G (2 D74 + 2, D™ +@), (3.13)
substituting (3.8)-(3.13) into (3.7), and Theorem 2.1 and 2.2, we have
S mdoral+jomulP o + [0y sl +fuf |

< (2011 1 2C, A" +C M (

D"u,

o) dom o)
# Cut Ca)fuf +uf) (.19

setting 2C,, + 2C,, 4™ +C,M (D™, +[D™v,[) < C, M (HD"‘ulu2 +HD'“V1H2),

and letk; = max{C,,C,, +C,,}, so
d (M(

dt
ske(M(

+

2

+ D"u

)

D"u,

m
D",

o)+ fuf +u )

D"u,

Sl o oyl ). @15)

where we set
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s =M (|D"u[ + D™ YD u[ +[D™) +ul + [l (3.16)

That is
90 < k0, (3.17)

then, a simple application of Gronwall inequality gives,

() < #(0)e", (3.18)

thereby
M (o« e Hora o)+ fuf <0, (319

That is
[D"u] =D =Ju ] =lu]=0, (3.20)

namely

w =[“(t)j=(oj. (3.21)
v(t) 0

From the above, the proof of theorem 3.1 is now completed.
Theorem 3.2([19]) Suppose that E be a Banach space, and{S(t)} (t >0) are the semigroup
operator onE, S(t):E—E, S(t)-S(r)=S(t+7)(Vt,z>0), S(0)=1, wherelis a unit
operator. Assume S(t) satisfies the following conditions:
(1) S(t)is uniformly bounded on E , namely, VR>0,|Ju|. <R, there exists a constant c(R),
so that

IS)ull. <c(R) (vte[0,+x));
(2) it exists a bounded absorbing setB, c E, namely, VB c E, there exists a constant
t, =t,(B) >0, so that

S(t)Bc B, (Vt=t,);

(3) S(t)(t>0)is complete continuity operator. Therefore, the semigroup has a compact

global attractor A.
Theorem 3.3 Under the assumption of Theoerem 3.1, equations have global attractor

A=w(B,)=NUS(t)B,,

s20t=s

where B, :{(u, p.v,0) €E, :|(u, p,v,q)||2E1 =\(u,v) \imxvzm +[(p,q) 5\/ SC(RO)+C(R1)}, B, is

the bounded absorbing set of E, and satisfies

(1) St)A=At>0,

(2) !im dist(S(t)B, A) =0 ,VB c E;is a bounded set,

where dist(S(t)B, A)=supinf sup inf IS®)x-y]|. -
xeB Y€ 1

Proof. Namely, we need to validate the conditions (1)-(3) of theorem 3.2.
Under the assumption of theorem 3.1, there exists the solution semigroup S(t), here

E, =V, xV, xV, xV_ ,S({t):E —>E,.
(1) According to theorem 2.1 and 2.2, we can acquire that VB c E,is a bounded set which

includes in the ball {||(u, p,v,q)||El < R} :
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2
Vi XV,

[SOUs. oo, W =V, ., +(P.0)

SH(UO,VO)H\;XVM +[|( Py, o) jv +C<R*+C  (t=0,(Uy, Py, Vo, ) € B),

it shows that S(t)(t > 0) is uniformly bounded in E, .
(2) Furthemore, for any (u,, p,,V,,d,) € E;, sincet > max{t,, t,}, we have

[S® s Porvo @I, =[], L, +IPA,, <CR)+CR),
So we get B, is the bounded absorbing set.
(3) Due to E, — E,is the compact embedded, which means that the bounded set in E; is the
compact set in E;, so the semigroup operator S(t) is completely continuous.

Hence, the semigroup operator S(t) possesses a compact global attractor A.
The proof of theorem 3.3 is completed.
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