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ABSTRACT

In this paper, we study the longtime behavior of solution to the initial boundary value
problem for a generalized Kirchhoff type system equations with strongly damped terms and
force terms. At first, we get some priori estimates under the proper assumptions. Further, we
prove the existence and uniqueness of the solutions of system equations by the Galerkin’s
method. At last, we obtain the existence of the global attractor in

HL(Q)x HE(Q)x L (Q)x ().

Keyword : The long time behavior of solution, the existence and uniqueness of solu-
tions, the global attractor.
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1. INTRODUCTION
In this paper, we study about with the existence of global attractor for the following
generalized Kirchhoff type system equations.

u,—M (||Vu||2 ,||Vv||2)Au—/5’Aut +a(1+|u|2)pu =f(x), (1.1)
v, —M (||Vu||2 ,||Vv||2)Av—[3’Avt +a(l+|v|2)"u =f,(x), (1.2)
u(x,0) = U, (x),u,(x,0) =u,(x),xe Q,QeR*n=12,3, (1.3)
V(X,0) =V, (X),V,(X,0) =v,(X),xe Q , (1.4)
uleQ =v|6Q=0,t>0. (1.5)

whereQis a bounded domain in R* with smooth boundary o2 | uy(x),u,(X),V,(X), v, (x) are
certain initial dates, f.(x)(i=1,2)is a function onQx(0,T), «,pare constants, then

concerning about the assumption of M (||Vu||2 ,||Vu||2) will be given latter.

It is well known that Kirchhoff(1883)M first studied the following nonlinear vibration of an
elastic string foro = f =0,

o _éu EhetfouY | | o
h—+06—= +— | | — | dxp—+f; 0<x<L,t>0, 1.6
Pl % {p(’ 2L o(axJ }8x2 (1.6)
whereu = u(x,t) is the lateral displacement at the space coordinate x and the timet, p the
mass density, h the cross-setion area, L the length, E the Young modulus, p, the initial axial

tension, o the resistence modulus and f the external force.

Igor Chueshov!?! investigated the long time behavior of solution for the following nonlinear
strong damped wave equation of Kirchhoff type.

8.u—o(|Au]’)Adu—g(|Au[")Au + f (u) = h(x) , (1.7)

Tokio Matsuyama and Ryo Ikehata®® proved the global existence and the decay estimate of
the solution for the nonlinear damped wave equation of Kirchhoff type.
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U, —M ([Vu(©)|; Au+6]u,|” " u, = zfu["u, (1.8)
with compact boundary condition
u(x,t)|,,=0, t>0, (1.9)

where M(s) € C'[0,0), and satisfiesM(s)>m, >0 : §>0, u<R are constants.

Yunlong Gao, Yunting Sun, Guoguang Lin they studied the longtime behavior of solution
to the initial boundary value problem for a class of strong damped Higher-or
der Kirchhoff type equations:

U, +(-A)"u, +‘Vmu “ (-A)"u+g(u) = f(x), (1.10)
where m>1 is an integer constant and q > Ois a positive constant. Moreover, Q is a bounded
domain in R" with the smooth boundary oQand V is the unit outward normal on Q. g(u) is
a nonlinear function specified later.

Guoguang Lin!,Yunlong Gao® they studied the longtime behavior of solution to the initial
boundary value problem for a class of strong damped Higher-order Kirchhoff type equations:

U +(-A)" U, + (e +,BHVmqu (-A)"u+g(u)= f(x),

(1.11)
wherem>1is an integer constant « >0,8 >0 are constants and q>0 is a real number.
Moreover,Q) is a bounded domain in R" with the smooth boundary oQand Vis the unit
outward normal on Q. g(u) is a nonlinear function specified later.

Shun-Tang Wul® discussed the existence, asymptotic behavior and blow-up of solutions
under some conditions. Furthermore, he gave the decay estimates of the energy function and
the estimates for the lifespan of solutions:

U =M (Vs +[Vv Jau+hu) = fiw) . in Qx[0,) (1.12)

Ve =M ([Vul}+ WV} )avhy(v) = £,00 . in Qx[0,e0) . (1.13)

In 2012, Shun-Tang Wul"! also investigated the decay estimates of the energy function is
exponential or polynomial depending on the exponents of the damping term in both equations
by using Nakao’s method, under suitable conditions on the nonlinearity of the damping and
the source terms and certain initial data in the stable set and for wider class of relaxation
functions:

u, —M (||Vu||§ +||Vv||§)Au +j; g, (t—s)Au(s)ds +)u,|" "u = f,(u,v) , in Qx[0,) (1.14)

Vo =M (VU + [V} )av+ [ g, G =9)av(e)ds+fw[ v = e, in @x[00) . (1.15)

Motivated by the above work, we intend to study the longtime behavior solution to the initial
boundary value problem for a generalized Kirchhoff type system equations with strongly
damped terms and force terms.

In this paper, in section 2, we give the preliminaries and important lemmas, in section 3, we
prove the existence and uniqueness of the solutions, in section 4, we obtain the finite attractor
for the Kirchhoff type wave equations.

2. Preliminaries
In this section for convenience to some places in this paper, we define as follows:

g,(u,v) = oz(l+|u|2)p u,g,(u,v) = a(1+|v|2)pv,
H(Q)=L(Q).
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E, = H1(Q)x HX (Q)x 2 (Q)x 2 (Q),

E, - (H2(©)  H3 ()< (H (@) HE () A (2)HE (2.
and we denote the norm and the scalar in H by(-,-)and ||| respectively

(0:9)= | 0 (0 ol = w0,

Next, we present some assumptions and notations needed in the proof of our results as
follows:

(GOM(x,y):R*xR" - R"\{0}

(2.1)
(G2)M(X,y)=M(x+y)=m, >0, (2.2)
X+Y

(GAM (X, y)(x+y)= [ M(s)ds , (2.3)

(GA) f,(x) e P (Q)(i =1 2),u, € Hy(Q),V, € Hi(Q),u,,V, € L*(Q). (2.4)
Lemma 2.1.(Young's inequality!”?) for any ¢>0anda,b >0, then

p
absg—a”+ibq : (2.5)

p &g
1 1
where —+==1,(p>109>1).
p q
Lemma 2.2. (Holder inequality!™) letG  R"is opening set,G € R", p>1 L"(G) repredents

p times on G for the collection of measurable function; p = o0, L"(G) represents bounded on
G for the collection of measurable function.

Let 1+1:1, p>19>1Vf(x)elL’(G) and g(x) € L'(G), such that
P q

1109001 ([ F 0P )P ([loear ' .

Lemmaz2.3.(Poincare s inequality!)if Q € R" bounded open subset, such that
1
2 < ?|Vu LZ(Q),VUEH(l)(Q), (2.7)
Where 4, is the first eigenvalue of —A in Q with homogeneous Dirichlet boundary condition.

dy
dt

iy D
y(t) < y(t,)e ¢ to)+a,tzto , (2.8)

Ju

Lemmaz2.4.(Gronwall’s inequalityl’)) if Vt e[t,,+0), y(t) >0and —=+ gy < h,such that

where g >0,h>0are constants.
Lemmaz2.5.Assume (G)~(G;) hold, and (Uy,V,, Py, ) € By, T, (X) e L(Q)(i=12)
Since the solution(u,v, p,q) of the problem(1.1)-(1.5)satisfies (u,v, p,q) € E,, and

(u,u,) € L (0, +o0; Hy (€)) x L7 (0, +o0; L* (), (2.9
(v,V,) € L7 (0, +o0; H (€2)) x L™ (0, +o0; L* (€2)), (2.10)
[l + Vol + ol < W, (0)e 7+ e
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4 C
[Vul” +[9v" + o[+l < H, (0)e™ o (2.12)
where 2, is the first eigenvalue of —A inQ with homogeneous Dirchet boundary condition.
Proof. we take the scalar product in L? of equation (1.1) with p=u, +&u. Then

(Ue P) = (MVU*, [V Au, p)—(BAU,, p) +(a@+|uf)Pu, p) = (f,(X), p) (2.13)

by using Holder inequality, Young inequality and Poincare inequality, we process the
items in (2.13), we obtain

(Uy, P) = (P, —&(p—e&u), p)
=(p,, p)-&(p, p)+82(u p)

290017 - L Y (2.14)
> 28 ol —efolf - ol - ol

1d 28+8
>=—||p|’ ——IIVUIIZ - ol

MVl [vv)au, p) = (M (vl [vv[)vu, vi)

=M (||Vu||2 ,||Vv||2)(Vu, Vu,) +eM (||Vu||2 ,||Vv||2)(Vu, vu) (2.15)
1 2 2. d 2 2 2 2

=S MV VD) vl +eM vl [vv vl

(=pAu,, p) = (=SA(p—eu), p)

= (_IBApv p) + (ﬂé‘AU, p)

_ ﬂ||Vp||2 — Be(Vu,Vp) (2.16)

= (64~ E2) ol -EE ol

(@@+]u[)"u, p) = (@@+|u[*)"u,u, +su)

= (a@+[u[) u,u) + (@@+]u[)?u, su)

a d 2y p+l 2yp 112
_2(p+1)a(j(l+|u|) de+agi(1+|u|) Juf dx

p+l e p+l Q
2(p+1)dt(-[( #[ul) dx}p f(1+|u) dx— YL (2.17)
(1,00, py <[ 1,00 < L2 1< >|| 82 Il (2.18)

Integrate (2 14) (2 18) , obtam
A 2

2ol + M (9 9 ) vl + (84 - 225 o -]

2 d 2\ P+l
+[eM(nwn s )—i—%}n ulf + 2<;‘+1)a(f9(1+|u|) ] (219

as 2\P+l 1 2 Q
—_— 1 <——|f .
B T e L ey

Second, we take the scalar product in L* of equation (1.2) with g =v, +&v. We obtain
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Ve, @) = (M (VU [V Av, @)= (B8Av,, a)+ (@(L+ V)PV, ) = (f,(x),0) . (2.20)
Similar (2. 14) (2 18) , we process each items in (2.20), and finishing obtain :

Per,
20|t|| al -+ IV'(IIWII 40 )—IIVVII HPh ===

g Pe a d P+l
+(g|v| (v ,||vV||2)_Z_7j||vV||2 o a( [, (L) dxj

aeg 2\ P 1 2 Q
+m“g(1+|v| ) dxjs?”fzn loTD
(2.21) By (2.19) and (2.21) we obtain
d 2 2 2 2 d 2 2
eI+l >+ M (||VU|| +[vv] )E(HVU” +[vv[)

+(28% — per—2z=2¢°)(| ol +]alf)
2
(2ot [l ) e+l
a d 2\ P+ 2\ P+l
+(p+1)auﬂ(l+|u|) dx+jg(1+|v|) dxj
20¢& 2\PH 2\PH
+m“ﬂ(l+|u|) dx+IQ(1+|v|) dxj

1 40
<UD s

(2.22)

According to the assumption, we have

ol « [ sy ot ) e o) o]

(p+
+(2% - per,—2¢ - 2¢7)(|p|] +]al")
{2t ool - e ool

+§L+81(J-Q (1+ |u|2 )p+1 dx + J'Q (1+ |v|2 )pﬂ dxj

4Q
ae(p+1) B

L (2.23) By assuming
SRR

(G3), we obtain

Sl <l + [ m (s
+1 +1
+(p0il>(lfg(l+|u|2)p dx+_fg(1+|v|2)p dxj)

+@p- o2z -2 plf +JalP) + [ M (s)ax

+F2)L+6109(1+|u|) dx+IQ(1+|v|) dx)sc.

(2.24)
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Take appropriate ¢, make 284, — fel, —2¢—2&° >0, and
V= min{Z[M1 — Bed —2¢ - 287, g}, therefore, we have

%Hl(t)ﬂ/Hl(t)SC, (2.25)

[vul +|vv? a 2\ P L\ P
where H, ()= |p[ +|al + [ M(s)ds++(p+1>(jg(l+|u|) [ (L) dxj.
Using the Gronwall inequality, we obtain

Hl(t)SHl(O)e_ﬂ +E , (2.26)
Y

therefore, |[p|” +[a|” +|Vu" +|Vv|" < H,(0)™ + & Lemma 2.5 Proof finished.
v

Lemma 2.6. Under the assumption of lemma 2.5,(G1)—(G4)hold, (G5) : f,(x), f,(x) € Hg,
then the solutions (u, Vv, p, ) of the problems(1.1)—(1.5) satisfies:

(uv,p,q)eE and z(t)<Ce ™ +C, (2.27)

where p=uU,+&u,q=V, +&V, 4 is the first eigenvalue of —A in H(Q).

Proof : Taking inner product by —Ap with equation (1.1), obtain

[un M (|vulf 9] ) Au- pau, + (Lol )’ u,—Apjz( f,(x),-Ap). (2.28)

Following the computation in (2.28) one be one and using Poincare’s inequality, Young’s
inequality, we have

(u, Ap)_——||Vp|| —g||Vp|| +&%(Vu,Vp)
(2.29)
>z a4 2_ .y 2__ 2__ 2
2 " Lol ~e vl SVl ==Vl
M (|V \Y
M vl fov)au,-ap) - M4 “";” D8 oo ol (2.30)
(~BAu,,~Ap) = B|Ap|| — eB(Au, Ap)
- - (2.31)
> plaplf L auff - 2L ol
||f1||2 £ 2 (2.32)
f,—Ap)| < 2+ |ap|f - .
(f-ap) =2l s S jag]
Due to
2
(a(1+‘u2‘pu,—Aut)s%||Au||2+ ||u|| +2%""aC ||Vu||4p+2 (2.33)
Also interpolate inequality and Iemma 2.5 we get :
2pga|(u Aul,|u| <1,
1+u|")Pu,—&Au 2.34
‘(a( | |) é )‘ ea u| u,Au)‘,|u|21. ( )
2pga|(u,Au)|s%||Au||2+2p’lga||u||2 . (2.35)
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2"5@5‘(|u|2p u,Au)‘

2p+l

S 2p ca ||u||4 p+2

v

2p—1| (2.36)

<C(Q4p+2)x2Pea|Vu[" |Au|

4p+2

S%||Au||2+2nga||Vu|| .
Thus by (2.34)-(2.36) , obtain :
‘(a(1+|u|2)"u, —gAu)‘

4p+2

2
< Z2|aulf + 2 oo + 25 ca ] (2.37)

S%”Au”z +C.
In summary (2.29)- (2.37) obtain
d
190+ wr (Jauf + o] Jjaul - s auf’ |
—2¢|Vp[f +252(Vu,Vp)+28|Ap|} +2sM (||Au||2 +||Av||2)||Au||2
2 2 (2.38)
~2p|Aulf —%IIAUIIZ —%IIAUIIZ ~elap[

Al

&
Similar, Taking inner product by—Aq with equation (1.2), obtain

d
< Va4 M (sl + v ol - v |

26|V +2¢* (Vu, va) + 2 Adf + 2eM (Jaulf + v )javf

<

d
+|Auff M (||Au||2 +||Av||2)+ C.

ac ac
=2 || == vl = - v — 2

A
&
Plug (2.38) into (2.39), obtain:

S 2(0)=2¢(IVplF #|val")+ 26° (V0. Vp) +(Vv,Va))

(2.39)

d
<2l javf M (P +av])+c.

+23(|apl| +aalf )+ 2eM (Jauf’ + Jav]” ) aul + |av’)

ag®  as’
o[ 204 N ) oo+

(2.40)

AT
LUAEL o epratyag)

where
2(t) =Vl +[val* + M (Jau* + [av]] ) (Jaul’ +av*) - 28 (laulf +|av]f) > o.
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For (2.40) take ¢ small enough, we have :
2 2
%z(t)+gz(t)SMJrC(”Vu”Jr”VVH)Z(t) ; (2.41)
&

by Gronwall inequality have :
z(t)<Ce ® +C . (2.42)

3. The existence and uniqueness of solutions
Theoreml set the given function f,f,,u,,v,,u,v,and f, f, e H;(Q), (Uy,V,) €

H' (Q)xH (Q), existence a unique solution for the initial boundary value problem (1.1) -
(1.5).
Proof : The existence by lemma 2.5 and lemma 2.6 using Galerkin method can be obtained.

u u
Under prove uniqueness : set W{Vl] W, (sz are two solutions of (1.1)-(1.5), make
1 2

uj U _ U, _ 2\P _ 2\P
W(vj _Wl(vl] Wz(vz)and g,(u,v) —a(1+|u| ) u,g,(u,v) —a(1+|v| ) v ,then two
different solutions are satisfied :

ultt -M (”Dul”2 7||DV1||2)AU1 _ﬁAult + gl(ul’vl) = fl(x)l

Vi —M(( Du1||2 ,||Dv1||2)Av1 - BAV, + 9, (u,,Vv,) = f,(X), (3.1)
U, (X,0) =uy, (X); Uy, (X,0) =uy,(x),
v (X,0) = vy, (X); vy (%, 0) = vy, (X).

Upe =M (||Du2”2 A DV2||2)AU2 = PAU, + G, (Uy,V,) = f,(X),

Vo =M (IDU, [, DV, [ )Av, = BAV,, + 9, (U, v,) = (%), (3.2)
U, (X: O) = Uy, (X)? Uy (X’ O) =Up; (X)’
Vz(Xa O) = Voz(X); Var (X: O) =V, (X)
From (3.1)-(3.2) above, we obtain
{un -M (||Du1||2 ,||Dv1||2)Au1 +M (||Du2||2 ,||Dv2||2)Au2 - pAu, +9,(u,,v,) - g, (u,,v,) =0,
v, —M (||Du1||2 J Dvl||2)Av1 +M (||Du2||2 |Dv, ||2)Av2 - BAVY, +4,(u,,v,) - g,(U,,v,) =0.
For first equation of (3.3) multiply on both sides with u,, we get

au +M (D", [+ o™, [)au, v, |

1d 2 |: 2 o

——|lu ]l +| -M(| Dy, ,|[D"v
+/3||Dut”2 +[g1(u1’V1) -0,(u,,v,), ut] =0.

For second equation of (3.3) multiply on both sides with v,, we get

2 2

1d
> g+ ~M(ou [ou ) av, + M (|Du,

Dv, ||2)Av2 WV, }

(3.5)

+B|IPV, [ +[ 9, Uy, v;) — 9, (U, V,), v, ] = .
Adding (3.4) to (3.5) can obtain
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1d
L8+l +[-Moul [Pufyau M ous o v, v,
+[-M (U 10w )av, +M D [Dwav v |+ pouf +foufy (3

+[91(U1'V1) - gl(uz,vz), U, ] + [92(u1’vl) - gz(u21vz)lvt] =0.
Because by Holder inequality we obtain
(-M (||Du1||2 ,||Dv1||2)A(u1 —-u,)—-M (||Du1||2 ,||Dv1||2)Au2 +M (||Du2||2 ,||Dv2||2)Au2, u,)

1d
~m(ouf Jov) S

1d
=M(pu Jov )5 o

+(|IDwi[[+[[Dv. p(IPv. |- [Bv. Py A, [ lu;
Again by Young inequality and the conclusions of lemma2.5 and lemma2.6 obtain
M ()P +[IDu, (DU |- [Du, )+ (| BV, |+ BV, (B |- [ Bz 1) [ Au, u.|
< C(|Pu,| - [Du, |+ BV, [ [IDV, )
<C(ID(U; = )[[[P(v; v, plu
<C([Pulllpvplu]

[Bulf+ M@ (Pu ] - [ou, [ + o] ~[v. [ [au, u]
(3.7)
2 '
[Bul|"+M() ((|Duy | +[Du; (| Bu | [ D)

(3.8)

2
u
<c,(ouf + o+ L.

Similar, can obtain
(-M (||Du1||2 ,||Dv1||2)A(v1 -Vv,)-M (||Du1||2 ,||Dv1||2) AV, +M (||Du2||2 ,||Dv2||2)Av2,vt)

1d ,
=MD Joul) S ol P D + o -[ov. v, ]
(3.9)
1d
=MD" Joul) 2 o] (D] v, (D -[u.)
o+ v, pov |- [ v v
M )P+ D0, DI Do, )+ 0w+ v, O D ) v v
<C(IDu |- Py |+ [P |- [Pl
<C(ID@, ~u,)|IDe, ~v v

(3.10)
<C([Dul[Bvv

2
V,
<C, (|Duf +[Dvf + @) .

Again by Young inequality, Poincare inequality and the conclusion of lemma 2.5 and the
assumption of lemma 2.6 (G5)
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|(gl(u1’V1) - g1(u2’V2)1ut)|
=10, (U ) = (9, (U V) + (9 (U, V) = Gy (U, V), )
< COWue |+l ue Iy

2 (3.11)
u
<c(uf+fu + 45
u
<, ool + 47 o + 146
Similar,
|(gz(u1’vl)_ gZ(UZ,VZ),Vt)|
2
v (3.12)
<C, (4 Dy + 4DV’ +@).
The conclusions of (3.7) - (3.12), (3.6) and Lemma 2.5 and Lemma 2.6 are available
1d
> gr M APu [ow F)(ouf’ +[ov]) + Ju |+ v ]
(3.13)
C,+C
< (Co2y™ + C)([Dulf +ovf") + (== ==l vl +2 H (Pl V).
d 2 2
—| M(|Du,|[,|D D D
(M (ouff ou) oo O T ] -
< (2C; +2C A +C,)(|Dulf +[|DV|[) + (C5 + Co)Ju | + v
K, =max{2C, +2C,4,* +C;,C, +C, },
d
M Jov Pyfoul” +[ov) + u " v (3.15)
< KoM ([Du, [ 0w, (DUl +[Bv) +fu |+ v ),
make yr(©)= M (|Du, -+ Dvi (Dl + [ DV + Ju [ + v
thus
d
a‘//s(t)SKﬂVs(t) - (3.16)
Therefore by Gronwall inequality obtain
w20 <y (0" . (3.17)
Thus obtain
M(ou | Jow ) + V) + uf + v <0, (3.18)

where [[Du =[[Dv] = u | =[v[ =0,
u(x,t) =v(x,t)=0.

u 0
In summary W (v] = (O] uniqueness proof finished.

4.The existence of the global attractor
Theorem 2l MakeEis Banach space, {S(t)}(t=0) is a semigroup operator,

S(t):E—>E S(t)-S(z)=S(t+7),
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S(0) = | is a constant operator. make S(t) satisfies :
(1) s(t) unanimously bounded, which is VR>0,|u|_ <R, with a constant
C(R) such that,
ISt)u. <C(R)(t €[0,+0)).
(2) Thereisabounded set B, — E, any bounded set B — E there isatime t,, such that
S(t) B B, (t>t,)
(3) forany t>0, S(t) is all a continuous operator. Then the semigroup has a compact
overall attractor A.

Theorem 3, suppose that the global smooth solutions of the system equations satisfy
Lemmaz2.5 and lemma 2.6 assumption conditions, then system equations (1.1)-(1.5) exist in
a global attractor

A=w(B,) = N Us(t)Bo-

>0t>7
Proof : Need to verify the conditions of theorem 2: (1), (2), (3). Under the assumption of
theorem 3, the simegroup S(t),E = H'(Q)x H*(Q) solution of the existence system

equations, S(t):HY(Q)xHY(Q) > H(Q)xHYQ) .by lemma 2.5 and lemma 2.6

bounded set for VB = H(Q2) x H'(€2) and contains in the ball {||u < R} .

+|v

HY(Q) HY(Q)

<Cy (”uo

||S(t)(u0 +V0)||2H1(Q)><H1(Q) = ”u

this indicates {S(t)}(t >0)in H"(€2)x H*(©2) unanimously bounded, further from lemma 2.5
and lemma 2.6 have

IS, +v,);

HY(Q)xH(Q)

+|v +||v0||21 ) <CR, (>0, (u,,V,) € B),
Q) Q) HY(Q)

2 2 2
HL( Hl(Q) HL(

=||u||2Hl(m +”V”21m> <2R?, for t>t, =t,(R).

Thus B, > {(u,v) € ||u||H1(Q) +||v||H1(Q) ,||u||H1(Q) Ve e < \/§R} is bounded set of semigroup
S(t).
From Lemma 2.6, have |Auf|-+[Av||<c,,(t>0),
due to H?*(Q)xH?*(Q) »> H'(Q)xH'(Q)is compact embedded, which bounded set of
H2(Q)x H?(Q) is compact set of H'(Q)x H*(Q), so the semigroup operator
S(t): H'(Q)xH'(Q) > H*(Q)xH?*(Q),
for t>0 is completely continuous, then the system equations is in a global attractor
A=w(B,) = OO}JSTBO' proof finished.

HY(Q)
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