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ABSTRACT 

 

The paper studies the initial boundary value problem for a class of the Kirchhoff-type 

equations with strongly damped terms and source terms in abounded domain. Under suitable 

assumptions, some priori estimates are acquired. In addition, the existence and uniqueness of 

the solutions are got by the Galerkin’s method. Furthermore, the existence of the global 

attractor in 
1

0 0( ) ( )mH H    2 2( ) ( )L L   is obtained.  
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1. INTRODUCTION 

 

In this paper, we consider the existence of the global attractor for the following Kirchhoff-

type equations: 

                
22

1 1( ) ( , ) ( )m

tt tu M u v u u g u v f x         ,                 （1.1）   

                
22

2 2( )( ) ( ) ( , ) ( )m m m

tt tv M u v v v g u v f x         ,         （1.2）  

                0 1( ,0) ( ), ( ,0) ( ),      ,tu x u x u x u x x                              （1.3） 

                0 1( ,0) ( ), ( ,0) ( ),      ,tv x v x v x v x x                              （1.4） 

                ( , ) ( , ) 0,    , 0u x t v x t x t    ,                               （1.5）         

where is a bounded domain in nR with a smooth boundary , 0  is a constant and

( )( 1,2)if x i  is a given source term. Moreover,
22

( )mM u v   is a scalar function. Then 

the assumptions on M and ( , )ig u v will be specified later. 

   Let’s review some results with respect to the equations of Kirchhoff-type. As is well 

known, Kirchhoff Eq. (1.6)was first studied by Kirchhoff(1883)[1]who investigated the 

following nonlinear vibration of an elastic string for 0f   : 
22 2

02 20
;     0 , 0

2

Lu u Eh u u
h p dx f x L t

t t L x x
 

      
        

      
          (1.6) 

where ( , )u u x t is the lateral deflection at the space coordinate x and the time t ,  the mass 

density, h the cross-section area, 0p the initial axial tension, L the length, E the Young’s 

modulus, the resistance modulus, and f the external force. 

This kind of wave models has been studied by many scholars under different types of 

assumptions. Particularly, well-posedness issues for Kirchhoff-type models like (1.1) were 
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studied intensively in recent years. The single wave equation of Kirchhoff-type with a 

strongly damped term of the form: 

                    

2
1

2( ) ( ) [0, )tt tu M A u Au Au f u in     ,                (1.7) 

                    0 1( ,0) ( ), ( ,0) ( ),      and u( , ) 0tu x u x u x u x x t    ,               (1.8)              

where A   ,is studied by Kosuke Ono [2] who proved the global existence, asymptotic 

stability and blowing up of solutions for some degenerate non-linear wave equations of 

Kirchhoff-type with a strong dissipation by using the ‘Modified potential well’ and 

‘Concavity’ methods. Before that, Hosoya and Yamada [3] researched (1.7) with 

0( ) 0M r m  (non-degenerate type) and with a linearly damped term tu instead of tAu ,and 

testified the global existence of a unique solution with the small data condition in
1

2D(A) D(A )  (see [4] ). Meanwhile, when ( )M r r (degenerate type) and ( ) 0f u  , the 

global existence of the solution under the small initial data in
1

2D(A) D(A )  has been obtained 

by Nishihara and Yamada [5]. Then, some authors also studied the decay estimates about the 

above of solutions. (see [6,7]). 

   In [8], Yunlong Gao, Yuting Sun studied the longtime behavior of solution to the initial 

boundary value problem for a class of strongly damped Higher-order Kirchhoff type 

equations: 
2

( ) ( ) ( ) ( ), ( , ) [0, ),
q

m m m

tt tu u D u u g u f x x t                   (1.9) 

0 10, ( ,0) ( ), ( ,0) ( ).tu u x u x u x u x                                  (1.10) 

   In [9],Yunlong Gao studied the longtime behavior of solution to the initial boundary value 

problem for a class of strongly damped Higher-order Kirchhoff type equations: 
2

( ) ( ) ( ) ( ) ( ), ( , ) [0, ),m m q m

tt tu u u u g u f x x t                

(1.11) 

           0 1( ,0) ( ), ( ,0) ( ), ,tu x u x u x u x x                                   (1.12 )  

( , ) 0, 0, 1,2, , 1, , (0, ).
i

i

u
u x t i m x t

v


      


L                    (1.13) 

Under the suitable assumptions, Han and Wang [10] obtained the global existence and finite 

time 

 blow-up of the solutions to the system of the nonlinear viscoelastic wave equations: 

           
1

1 1
0

( ) ( ) ( , ), ( , ) (0, )
t m

tt t tu u g t s u s ds u u f u v x t T


       ,       (1.14) 

1

2 2
0

( ) ( ) ( , ), ( , ) (0, )
t r

tt t tv v g t s v s ds v v f u v x t T


       .        

(1.15) 

Then, Wu [11] improves the earlier blow-up results in the literature. He proved that under 

proper conditions on the nonlinearity of the damped and the source terms and certain initial 

data in the stable set and for a wider class of relaxation functions, the decay estimates of the 

energy function of exponential or polynomial depending on the exponents of the damping 

terms in both equations by Nakao’s method. The equations as follows: 

            
2 2 1

1 12 2 0
( ) ( ) ( ) ( , ),

t p

tt t tu M u v u g t s u s ds u u f u v


                    (1.16) 

2 2 1

2 22 2 0
( ) ( ) ( ) ( , )

t q

tt t tv M u v v g t s v s ds v v f u v


          .          (1.17) 
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   Motivated by previous results, it is interesting to study the global existence of solutions and 

the finite dimensional attractor of the problem (1.1)-(1.5).At first, we prove the global 

existence and uniqueness of the solution under suitable assumptions on the function M ,

( , )( 1,2)ig u v i  and certain initial data. After that, we obtain the attractor of the equations. 

   The paper is arranged as follows: In Section2, we show that the preliminaries and some 

lemmas. In Section3, the existence, uniqueness of the solutions and the attractor are derived. 

 

2.Preliminaries 

In this paper, we introduce material needed in the proof our major results. The standard 

Lebesgue space ( )pL   and Sobolev space ( )mH   with their inner product and norms are 

used in this section. Meanwhile we define 0 ( ) ( ) : 0, 0,1, , 1
i

m m

i

u
H u H i m

v

 
       

 
L

and introduce the abbreviations: 
1 2 2 2 1 2 1 1

0 0 0 1 0 0 0 0( ) ( ) ( ) ( ), ( ( ) ( )) ( ( ) ( )) ( ) ( ),m m mE H H L L E H H H H H H                 I I

2 ( )
. .

L 
 , ( )

. .q qL L 
 for any real number 1q  .Next, we give some assumptions and 

notations needed in the proof of our results. 

1( )H Setting 1

( , )
( , )

G u v
g u v

u





, 2

( , )
( , )

G u v
g u v

v





and ( , )F u v satisfying  

                         
22

( , ) ( ) ( )mF u v u v C       ,                     (2.1) 

for 0  ,there exist ( ) 0C   ，and where ( , ) ( , )F u v G u v dx


  . 

2( )H There exist constant 0 0c  ,such that 

                        1 2 0( ( , ), ) ( ( , ), ) ( , )g u v u g u v v c F u v  .                      (2.2) 

3( )H There exist constant 0  ,such that 

                       
22

( ) 0mM u v      ,                              (2.3 )  

and  

                
22

( )2 22 2

0
( )( ) ( )

mu v
m mM u v u v M s ds

  

        .             (2.4) 

 

4( )H  There exist constant 1 0c  ,such that 

                   2

1( , ) (1 ), ( , ) ( ),
s r

i ig u v c u v and g u v C      ( 1,2)i  ,          (2.5) 

where 
2

2 , ( 2)
2

n
r s n

n
  


 and 2 , ( 2)r s n    . 

Lemma2.1.(Sobolev-Poincare inequality [12])Let s be a number with 2 s  , 2n m  and 

2
2 , 2

2

m
s n m

n m
  


.Then there is a constant K depending on  and s such that  

                        2
0( ) , ( )

m

m

s
u K u u H     .                         (2.6) 

Lemma2.2. (Young’s  Inequality [13])For 0  and , 0a b  ,then  

                             
1p

p

q
ab a

p q




  ,                                (2.7) 
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where 
1 1

1, 1, 1p q
p q
    . 

Lemma2.3.(Gronwall’s inequality [13])If 0[ , ), ( ) 0t t y t    and 
dy

gy h
dt

  ,such that  

                              0( )

0 0( ) ( ) ,
g t t h

y t y t e t t
g

 
   ,                      (2.8) 

where 0, 0g h  are constants. 

Lemma2.4. [14] Let be an absolutely continuous positive function on R ,which satisfies 

for some 0  the differential inequality 

                       ( ) 2 ( ) ( ) ( ) ( ),          0
d

t t g t t h t t
dt
      ,                (2.9) 

where
1

loch L R and 

                        ( ) ( ) ,        0
t

g y dy t m for t


       ,               (2.10) 

With some 0m  .Then 

                  
( ) ( )( ) ( ( ) ( ) ),        0

t
m t s t y

s
t e s e h y e dy t s           .           (2.11) 

Lemma2.5.Assume 1 3( ) ~ ( )H H hold, and
2

0 0 0 0 0( , , , ) , ( ) ( )iu v p q E f x L   .Since the solution 

( , , , )u v p q of the problem(1.1)-(1.5)satisfies 0( , , , )u v p q E ,and  

            

1 122 2 2 1 2

1 1

(0)
u

3 3
min 1, min 1,

4 4

c t
m y e C
v p q

c



 





      
   
   
   

,             (2.12) 

where 1 1 1 1 0 0 1 1 0, , , ,t t op u u q v v p u u q v v           1  is the first eigenvalue of   in 

1

0( )H  ,
2 2 01 1 1

1 1 1 1 1 1 1 1

2 2
min ( ) , ( ) , ,

2 2 4 2

m
m cB B

c
  

      
  

       
 

,  

1 1
10 min{ , ,

2 2

m 
 

2 2

1 1 1 1 11
( 2) ( 2) 16 ( 2) ( 2) 16

, }
4 4

m m m              
,  

and
2 2

2 2 1 2 1( ( ) , ( ) , ( ))c c f x f x C  ,

22

0 0u2 2

1 0 0 0 0 1
0

(0) ( )ds 2 ( , ) 2 ( )
mv

y p q M s F u v C 
 

    
+

, 1
8


  So, there exists 0R  and 

0 0 ( ) 0t t   ,such that  

                 
0

22 2 2 2 2

0 0( , , , ) u ,( )m

E
u v p q v p q R t t        .            (2.13) 

Proof. Multiplying Eq.(1.1)by 1tp u u  ,then 

             
22

1 1( u ( , ), ) ( ( ), )m

tt tu M v u u g u v p f x p       （ + ） .            (2.14) 

By using Holder inequality, Poincare inequality, Young’s inequality, we obtain 

 

2 2 2

1 1

2 2
2 2 21 1 1

1

1
( , ) ( , )

2

21
         u

2 2 2

tt

d
u p p p u p

dt

d
p p

dt

 

  



  


   

.                   (2.15) 
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22

2 22 2 2 2

1

( u , )

1
u u u u

2

m

m m

M v u p

d
M v M v

dt


   

       

（ + ）

（ + ） （ + ）
.         (2.16) 

 

            

2

1 1

2 21 1

2 21 1 1

( , ) ( ( ), ) ( , )

(2 )
                                                u

2 2

(2 )
                                                u

2 2

tu p p u p p u p

p

p

    

  

   

          


   


  

.             (2.17) 

 

                    
1 1 1 1

1 1 1

( ( , ), ) ( ( , ), ) ( ( , ), )

                  ( , ) ( ( , ), )

t

t

g u v p g u v u g u v u

g u v u dx g u v u






 

 
.                  (2.18) 

 

                              

2
2 21

1 12

1

1
( ( ), ) ( )

2 2
f x p p f x




  .                 (2.19) 

Plug (2.15) into (2.19), then 

                 

2
2 2 22 1 1 1

1 1 1

1

2 22 2 2 2

1

2

1

1 1 1 2

1

21
[ ( ) ] ( ) u

2 2 2 2

1
u u u u

2

( )
( , ) ( ( , ), )

2

m m

t

Bd
p p

dt

d
M v M v

dt

f x
g u v u dx g u v u

  
  









      

       

  

（ + ） （ + ） .         (2.20) 

Multiplying Eq. (1.2) by 1tq v v  , then 

            
22

2 2( u ) ) ( , ), ) ( ( ), )m m m

tt tv M v v v g u v q f x q       （ + ) ( - ( - .       (2.21) 

By using Holder inequality, Poincare inequality, Young’s inequality, we obtain 

 

2 2 2

1 1

2 2
22 21 1 1

1

1
( , ) ( , )

2

21
          

2 2 2

tt

m

m

d
v p q q v q

dt

d
q q v

dt

 

  



  


   

.                 (2.22) 

 

              

22

2 2 2 22 2

1

( u ) , )

1
u u

2

m m

m m m m

M v v q

d
M v v M v v

dt


  

       

（ + ）( -

（ + ） （ + ）
.          (2.23) 
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2

1 1

2 2
1 1

21 1

( ) , ) ( ) ( ), ) ( , )

(2 )
                                                         

2 2

(2 )
                                                         

2

m m m m m

t

m m

m

v q q v q q v q

q v

q

    

  

  

        


   


 

( - ( -

2
1

2

mv




.         

(2.24) 

                 
2 2 2 1

2 1 2

( ( , ), ) ( ( , ), ) ( ( , ), )

                  ( , ) ( ( , ), )

t

t

g u v q g u v v g u v v

g u v v dx g u v v






 

 
.                      (2.25) 

 

                    

2
2 21

2 22

1

1
( ( ), ) ( )

2 2
f x q q f x




  .                           (2.26) 

Plug (2.22) into (2.26), then 

             

2
22 22 1 1 1

1 1 1

1

2 2 2 22 2

1

2

2

2 1 2 2

1

21
[ ( ) ] ( )

2 2 2 2

1
u u

2

( )
( , ) ( ( , ), )

2

m
m m

m

m m m m

t

Bd
q q v

dt

d
M v v M v v

dt

f x
g u v v dx g u v v

  
  









      

       

  

（ + ） （ + ） .          (2.27) 

Adding (2.20) to (2.27), by 1 2( ), ( )H H , we have 

       

22
u2 2 22 1

1 1 1
0

2 2
22 22 1 1 1 1 1

1 1 1

1 1

2 2
2 22 2 1 2

1 0 2

1

21
( ( ) 2 ( , )) [ ( ) ]

2 2

2
[ ( ) ] ( ) u ( )

2 2 2 2 2

( ) ( )
u u ) ( , )

2

mv

m
m m

m

m m

Bd
p q M s ds F u v p

dt

B
q v

f x f x
M v v c F u v


  

    
  

 




  
       


         


      


+

（ + ）(

.   (2.28) 

By (2.1), 3( )H , we get  

                       

22
u

1
0

22

1

1
( )ds 2 ( , ) 2 ( )

4

2( u ( , ) ( ) 0
8

mv

m

M s F u v C

v F u v C






 

 

    


+

（ + ）+

,                (2.29) 

where 1
8


  . 

By 3( )H ,we have 

      

2 2
2 2 22 2 21 1 1 1

1

1 1

2 2
221 1 1 1 1 1

1 1

3
( )( ) ( ) u ( )

4 2 2 2 2

3 3
( ) ( ) 0

4 2 2 4 2 2

m m m

m

m

m

M u v u v v

u v

   


 

     

 

           

        

.    (2.30) 

Therefore, from (2.28), (2.30), there exist a constant 1 0c  ,satisfies 
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2 2 01 1 1

1 1 1 1 1 1 1 1

2 2
min ( ) , ( ) , ,

2 2 4 2

m
m cB B

c
  

      
  

       
 

,      (2.31) 

such that 

                  

22

22

u2 2

1
0

u2 2

1 1 1 2
0

1
( ( ) 2 ( , ) 2 ( ))

2

[ ( ) 2 ( , ) 2 ( )]

m

m

v

v

d
p q M s ds F u v C

dt

c p q M s ds F u v C c



 

 

 

    

    





+

+

,         (2.32) 

where
2 2

2 2 1 2 1( ( ) , ( ) , ( ))c c f x f x C  . 

Then, we set 
22

u2 2

1 1
0

( ) ( ) 2 ( , ) 2 ( )
mv

y t p q M s ds F u v C 
 

    
+

,(2.32) is simplified as  

                               1 1 1 1 2( ) ( )
d

y t c y t c
dt

  .                         (2.33) 

With (2.29),we can get 1( ) 0y t  .Hence, by using Gronwall’s inequality, we have 

             

1 122 2 2 1 2
1

1 1

(0)
u ( )

3 3
min 1, min 1,

4 4

c t
m y e C
v p q y t

c



 





       
   
   
   

.       (2.34) 

Next, 

          0

22 2 2 2 2

1 1

lim ( , , , ) u
3

min 1,
4

E

m

t

C
u v p q v p q

c





      
 
 
 

.            (2.35) 

So, there exist 0R and 0 0 ( ) 0t t   ,such that  

              
0

22 2 2 2 2

0 0( , , , ) u ,( )m

E
u v p q v p q R t t        .               (2.36) 

Lemma2.6. 
22

2 2 2 2

5 1 2 0 0
0

( ) : 2(( , ) ( , )) 2 , ( ) 2 ( , ) 2 0
mu v

m
t tH f u f v c u v M u v dt F u v c

  

         
 

Under the hypothesis of Lemma2.5., 1 4( ) ( )H H hold and 0 0 0 0 1( , , , )u v p q E ,
1

1 0( ) ( )f x H  , 

2 0( ) ( )mf x H  .Then the solution ( , , , )u v p q of the problem(1.1)-(1.5)satisfies 1( , , , )u v p q E

,and  

           
   

8 22 22 2 92

8 2

(0)
u

min 1, min 1,

c t mm
m m e ce y e
v p q

c



  




         ,          (2.37) 

where 2 2 1 2 0 0 1 2 0, , , ,t t op u u q v v p u u q v v           1 is the first eigenvalue of in 

1

0( )H  ,and, 
2 2

9 9 6 1 2( , ( ) , ( ) )c c c f x f x   ,

2

1 11 1
1

( 2) ( 2) 8
0 min{ , , ,

2 4

  
 

    
   

2

1 1 11
( 2) ( 2) 8

, }
2 4

m m mm        
, 

2 1 1 2
8 2 2 2

2
min{ ( ) , ,

2 2 4

B
c

  
  


     

2 1 1
2 2

2
( ) }

2 2

m mB 
 


   ,

2 2 22 2 2

2 0 0(0) ( )( )m m my p q M u v u v           , 

So, there exists 1R  and 1 1( ) 0t t   ,such that  
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1

2 22 2 2 2

1 1( , , , ) u ,( )m m

E
u v p q v p q R t t          .       (2.38) 

Proof. Taking inner product by 2( ) ( ) ( )tp u u     ,in(1.1),we obtain 

            
22

1 1( u ( , ), ( ) ) ( ( ), ( ) )m

tt tu M v u u g u v p f x p         （ + ） .      (2.39) 

Following the computation in (2.39) one be one and using Poincare’s inequality, Young’s 

inequality, we have 

                      

2 2 2

2 2

2 2
2 2 22 2 2

1

1
( , ( ) ) ( , )

2

21
                  u

2 2 2

tt

d
u p p p u p

dt

d
p p

dt

 

  



       


     

.         (2.40) 

 

      

22

2 22 2

2

2
2 2 22 2 2 2 2

2

( u , ( ) )

( u , ( ) ) ( u , ( ) )

1
[ u ) ] u ) u )

2 2

m

m m

t

m m m

M v u p

M v u u M v u u

ud d
M v u M v u M v

dt dt





    

           


          

（ + ）

（ + ） （ + ）

（ + （ + （ +

. 

(2.41) 

 

                    

2

2

2 22 2

( , ( ) ) ( , )

(2 )
                         u

2 2

tu p p u p

p

  

  

       


   

.                (2.42) 

By using 4( )H ,we can easily find a constant 3 0c  ,such that 

                      

2 2

22 2

1

2 2

3

( , ) ( , ) (1 )

                                          (1 )s r

s r

i i

s r

L L

g u v g u v dx c u v dx

c u v

 
   

  

 
.            (2.43) 

Next, we need the further estimate of (2.43).By the interpolation inequality and 

Lemma2.5.,we have 

                2

2 ( 1) 2 ( 1)

4

1 ( 2)
u u                 2

1      ( 2)

s

s n s s n s

L

n
s n

u c for n

s n

  

  

  
    

,     (2.44) 

                2

( 1) 2 ( 1)
2

5

1 ( 2 )
            2

1      ( 2 )

r

n r r n r
r m m m

L

n
r n m

v c v v for n m

r n m

  

  

  
    

.    (2.45) 

So, there exist 6 0c  ,such that 

                                       
2

6( , ) 2ig u v c                       (2.46) 

Furthermore, we have  

                              
2 2

1 1

1
( ( , ), ( ) ) ( , )

2 2
g u v p g u v p




      .        (2.47) 

                               

22
2 12

1 2

2

( )
( ( ), ( ) )

2 2

f x
f x p p






    .             (2.48) 

Substituting (2.40)-(2.42),(2,47)-(2.48),into(2.39), then 
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22 2 2 22 1 1
2 2

2
22 2 22 2

2

1

2 2
221

62

2

21
[ u ] [ ( ) ]

2 2 2

( ) u u
2 2

( )
u )

2 2

m

m

m

Bd
p M v u p

dt

M v u

f x u d
c M v

dt

 
 

 







         

      

 
    

（ + ）

（ + ）

（ +

.   

(2.49) 

Similar to the above calculation, we use 
m m m

2( ) ( ) ( )tq v v     multiply with both 

sides of Eq.(1.2),and we get 
22 m m

2 2( u ) ) ( , ), ( ) ) ( ( ), ( ) )m m m

tt tv M v v v g u v q f x q         （ + ) ( - ( - .  

(2.50) 
Then, 

                    

2 2
m 2

2 2

2 2
2 2 22 2 2

1

1
( , ( ) ) ( , )

2

21
                     

2 2 2

m m m m

tt

m m m

m

d
v q q q v q

dt

d
q q v

dt

 

  



       


     

.      (2.51) 

 

               

22 m

2 2 2 22 2

2

2

22

( u ( ) , ( ) )

1
[ u ) ] u )

2

u )
2

m m

m m m m

m

m

M v v q

d
M v v M v v

dt

v d
M v

dt



   

       


  

（ + ）

（ + （ +

（ +

.        (2.52) 

 

                   

2
m m

2

2 2
2 2

( ( ) , ( ) ) ( , )

(2 )
                                   

2 2

m m m

t

m m

v q q v q

q v

  

  

       


   

.         (2.53) 

 

                        
22 m

2 2

1
( ( , ), ( ) ) ( , )

2 2

mg u v q g u v q



     .            (2.54)                              

2
2

2 22
2 2

2

( )
( ( ), ( ) ))

2 2

m

m m
f x

f x q q





    .            (2.55) 

From the above, we obtain 

         

2 2 2 22 2 1 1
2 2

2
2 2 222 2

2

1

22
222

62

2

21
[ u ] [ ( ) ]

2 2 2

( ) u
2 2

( )
u )

2 2

m m
m m m m

m m m

m

m

m

Bd
q M v v q

dt

v M v v

vf x d
c M v

dt

 
 

 







         

      


    

（ + ）

（ + ）

（ +

.  (2.56) 

Plug (2.49) into (2.56), we get 
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2 2 22 2 2 22 1 1
2 2

2 2
2 222 1 1 2 2 2 2

2 2

1 1

2 22 2

2

2 22 2

22 1 2

2

2

21
[ u )] [ ( ) ]

2 2 2

2
[ ( ) ] ( ) u ( )

2 2 2 2 2 2

u )

) ( ) ( )
u )

2 2

m m m

m m
m m

m

m m

m m

m

Bd
p q M v u v p

dt

B
q v

M v u v

u v f x f xd
M v

dt

 
 

     
 

 






             


          

     

     
    

（ + ）(

（ + ）(

(
（ + 62c

. 

(2.57) 

Similar to Lemma2.5., we have 
2 2

2 2 22 2 22 2 2 2
2

1 1

2 2
222 1 2 2 2 2

1 1

3
( )( ) ( ) ( )

4 2 2 2 2

3 3
( ) ( ) 0

4 2 2 4 2 2

m m m

m

m

m

M u v u v u v

u v

   


 

     

 

           

        

.  

(2.58) 

Next, by 3( )H ,as following 

                   
2 2 22 2 22 2( )( ) ( )

4 4

m m mM u v u v u v
 

                 (2.59) 

Setting 
2 2 22 2 2

2 ( ) u )( )m m my t p q M v u v         （ + , which imply that 

2 2 2 2

2 2

2

u )

( )
                      

m m

m
M v u v

u v

y t




    
   



（ + ）(

.           (2.60) 

By Lemma2.5., 

                              
22

7u ) ( u )m m

t t

d
M v c v

dt
    （ + + .          (2.61) 

Substituting (2.58),(2.60)-(2.61) into (2.57), then 

                      
7

2 8 2 2 2 9( ) 2 ( ) ( u ) ( )
2

m

t t

cd
y t c y t v y t c

dt



    + ,           (2.62) 

where ,
2 21 1 1 1 2

8 2 2 2 2 2

2 2
min ( ) , ( ) ,

2 2 2 2 4

m mB B
c

    
    

  
       

 
, 

2

9 9 6 1( , ( )c c c f x  , 

2

2 ( ) )f x . 

Moreover, taking the inner product of (1.1),(1.2)with ,t tu v ,we obtain 

                             10( u )m

t t
t

v ds c


   + ,                        (2.63) 

where 10 0c  is a constant. 

Therefore, with some 0m  ,we have 

7
8 2

0
( u )       0

2

t
m

t t

c
v ds m c t for t


      + .            (2.64) 

By Lemma2.5., then 
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8 2 8 2

8 2

2 2 9
0

9
2

8 2

( ) (0)         0

        (0)

t
c t c tm m

m
c tm

y t e y e e c e ds for t

e c
e y e

c

 





 



    

  


.            (2.65) 

So, 

   

8 22 22 2 92

8 2

(0)
u

min 1, min 1,

c t mm
m m e ce y e
v p q

c



  




         .      

(2.66) 

Then, 

 1

2 22 2 2 9

8 2

lim ( , , , ) u
min 1,E

m
m m

t

e c
u v p q v p q

c  
         .    

(2.67) 

Therefore, there exists 1R  and 1 1( ) 0t t   ,such that  

1

2 22 2 2 2

1 1( , , , ) u ,( )m m

E
u v p q v p q R t t          .     

(2.68) 

 

3.Global Attractor 

3.1. The Existence and Uniqueness of Solution 

Theorem3.1. Assume 1 4( ) ( )H H hold, 
22

6 0 1( ) : 0 ( )md
H k M u v k

dt
      , and 

0 0 0 0 1( , , , )u v p q E ,
1

1 0( ) ( )f x H  , 2 0( ) ( )mf x H  . ,tp u u  tq v v  . Hence, Eq. (1.1)-

(1.5) 

exists a unique smooth solution  

1( , , , ) ((0, ); )u v p q L E  .                      (3.1) 

Proof. Using the Galerkin method, Lemma2.5. and Lemma2.6., we can get the existence of 

solutions. Now, let’s prove the uniqueness of solutions. 

Suppose
1 2

1 2

1 2

,
u u

w w
v v

   
    
   

are two solutions of the problems (1.1)-(1.5).Let

1 2

u
w w w

v

 
   
 

. Then, 0 1( ,0) ( ) 0, ( ,0) ( ) 0tw x w x w x w x    ,by two equations 

subtract,we have 
2 22 2

2 2 2 1 1 1 1 1 1 1 2 2( ) ( ) ( , ) ( , ) 0m m

tt tu M u v u M u v u u g u v g u v               ,  

(3.2) 
2 2 2 2

1 1 1 2 2 2 2 1 1 2 2 2( )( ) ( )( ) ( ) ( , ) ( , ) 0m m m m m
tt tv M u v v M u v v v g u v g u v              

.(3.3) 

By using tu to inner product of Eq. (3.2), we have 

2 22 2 2

2 2 2 1 1 1

2

1 1 1 1 2 2

1
( ( ) ( ) , )

2

( ( , ) ( , ), ) 0

m m

t t

t t

d
u M u v u M u v u u

dt

u g u v g u v u

         

    

.        

(3.4) 

In the next section, we process items in (3.4), respectively. 

By 6( )H , we have  
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2
2 2 22 2 2 2 2

2 2 2 2 2 2

2
22 2

2 2 1

1 1
( ) [ ( ) ] ( )

2 2 2

1
                                                  [ ( ) ]

2 2

m m m

m

ud d d
M u v u M u v u M u v

dt dt dt

ud
M u v u k

dt


            


     

. (3.5) 

By Lagrange’s mean value theorem, Lemma2.5. and Lemma2.6., we have 
2 22 2

2 2 1 1 1 1 12

2
22

13

( ( ) ( ) , ) ( )

                                                                                         ( )
2

m m m

t t

tm

M u v u M u v u u c u v u

u
c u v

            

    

.    

(3.6) 

Hence, 
2 22 2

2 2 2 1 1 1

2 2 22 2 2 2

2 2 2 2 1 1 1 1

2 2
2 22 2 21

2 2 13

( ( ) ( ) , )

1
( ) ( ( ) ( ) , )

2

1
[ ( ) ] ( )

2 2 2

m m

t

m m m

t

tm m

M u v u M u v u u

d
M u v u M u v u M u v u u

dt

k u ud
M u v u c u v

dt

        

              


          

.  

(3.7) 

By  4H , and young’s inequality,we get 

1 1 1 1 2 2 1 1 1 1 2 1 1 2 1 1 2 2

1 1 1 1 2 1 2 2 1 2

1

( ( , ) ( , ), ) ( ( , ) ( , ) ( , ) ( , ), )

                                         ( ( , )( ), ) ( ( , )( ), )

                                         c

t t

u t v t

g u v g u v u g u v g u v g u v g u v u

g v u u u g u v v u 

    

   

 4 15

22

21514

1 1

c

cc
                                          

2 2

t t

m

tm

u u v u

vu
u

 

  


  

.       

(3.8) 

Then, 
22 2 2

2 2

22 2 151 14
1 13 13

1 1

1
[ ( ) ]

2

c3
( ) ( ) ( )
2 2 2 2

m

t

m

t m

d
u M u v u

dt

k c
u c u c v 

 

    

        

.        (3.9) 

Analogous to the above, we use tv with both sides of Eq.(3.3)and obtain 

2 22 2 2

1 1 1 2 2 2

2

2 1 1 2 2 2

1
( ( )( ) ( )( ) , )

2

( ( , ) ( , ), ) 0

m m m m

t t

m

t t

d
v M u v v M u v v v

dt

v g u v g u v v

         

    

.    

(3.10) 

Next, we process items in (3.10), respectively 
2 22 2

1 1 1 2 2 2

2 2
2 2 22 21

2 2 16

( ( )( ) ( )( ) , ) 

1
[ ( ) ] ( )

2 2 2

m m m m

t

m

tm m m

M u v v M u v v v

k v vd
M u v v c u v

dt

        


          

.   

(3.11) 
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21817

2 1 1 2 2 2

1 1

cc
( ( , ) ( , ), )

2 2

m

t tm

vu
g u v g u v v v

 


    .          (3.12) 

Then, 
2 22 2

2 2

22 218 171
1 16 16

1 1

1
[ ( ) ]

2

c3
( ) ( ) ( )
2 2 2 2

m m

t

m m

t m

d
v M u v v

dt

ck
v c v c u 

 

    

        

.        

(3.13) 

Plug (3.9) into (3.13), we have 
2 22 2 2 2

2 2

22 2 217 15 181 14 1
1 1 13 16 13 16

1 1 1 1

1
[ ( )( )]

2

c c3 3
( ) ( ) ( ) ( )
2 2 2 2 2 2 2 2

m m

t t

m m

t t m m

d
u v M u v u v

dt

ck c k
u v c c u c c v   

   

       

               

. 

(3.14) 

Obviously, there exists 
17 15 181 14 1

3 13 16 13 16

1 1 1 1

c c
max , ,

2 2 2 2 2 2m m

ck c k
c c c c

   

 
         

 
 

 
2 2

3 2 2( )mcM u v     ,So, taking 4 1 1 3

3 3
max , ,

2 2

m     
 

   
 

, we get 

2 22 2 2 2

2 2

2 22 2 2 2

4 2 2

1
[ ( )( )]

2

[ ( )( )]

m m

t t

m m

t t

d
u v M u v u v

dt

u v M u v u v

       

        

.          (3.15) 

By using Gronwall’s inequality for (3.15), we have 

4

2 22 2 2 2

2 2

2 22 2 2 2

2 2

( )( )

[ (0) (0) ( (0) (0) )( (0) (0) )]

m m

t t

tm m

t t

u v M u v u v

u v M u v u v e

       

        
.  

(3.16) 

which imply that 
( , ) 0w x t  .                           (3.17) 

Therefore, 

1 2

1 2

1 2

u u
w w

v v

   
     
   

.                       (3.18) 

Since, we get the uniqueness of the solution. 

 

3.2. The Global Attractor 

Theorem3.2. [13] Let E be a Banach space, and 
( 0)

( )
t

S t
 are the semigroup operator on E . 

( ) ( ) ( )( , 0), (0)S t S t S t S I       ,where I is a unit operator. Set ( )S t satisfies the follow 

conditions: 

1). ( )S t is uniformly bounded, namely 0R  ,
E

u R .It exists a constant ( )C R ,so that 

( ) ( ).        ( [0, );
E

S t u C R t                         (3.19) 

2). It exists a bounded absorbing set 0B E , namely, B E  ,it exists a constant 0t ,so that 

0 0( ) ( );S t B B t t                            (3.20) 

where 0B and B are bounded sets. 
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3)When 0t  , ( )S t is a completely continuous operator. Therefore, the semigroup operator

( )S t exists a compact global attractor . 

Theorem3.3. Under the Lemma2.5., Lemma 2.6. and Theorem3.1. equations have a global 

attractor 

0 0
0

( ) ( )
t

w B S t B
  

   ,                     (3.21) 

where  2 2 1
1 0 0 0 0

0 1 0 1( ) ( ) ( ) ( )
( , , , ) : ( , , , ) m mE H H H H

B u v p q E u v p q u v p q R R
   

        .

0B is the bounded absorbing set of 1E ,and satisfies 

1) ( ) , 0S t t    . 

2) lim ( ( ) , ) 0
t

dist S t B


  , here 1B E ,and it is abounded set, 

1

lim ( ( ) , ) sup(inf ( ) ) 0,
Et yx B

dist S t B S t x y t
 

     .           (3.22) 

Proof. With the conditions of Theorem3.1., it exists the solution semigroup ( )S t ,

1 1( ) :S t E E . 

(1) From Lemma2.5. to Lemma2.6., we can obtain that 1B E  is a bounded set that includes 

in the ball 
1

( , , , )
E

u v p q R . 

2 2 1
0 0 0 0

2 2 1
0 0 0 0

2 2 2 2 2

0 0 0 0 ( ) ( ) ( ) ( )

2 2 2 2

0 0 0 0( ) ( ) ( ) ( )

2

0 0 0 0

( )( , , , )

                                

                                ( 0, ( , , , ) )

m m

m m

H H H H

H H H H

S t u v p q u v p q

u v p q

R C t u v p q B

   

   

   

   

   

.       

(3.23) 

which imply that ( )( 0)S t t  is uniformly bounded in 1E . 

(2) Furthermore, for any 
1

0 0 0 0( , , , )
E

u v p q ,when  0 1max ,t t t ,we get 

2 2 1
0 10 0 0 0

2 2 2 2 2 2 2

0 0 0 0 ( ) ( ) ( ) ( )
( )( , , , ) m mH H H H

S t u v p q u v p q R R
   

      .       

(3.24) 

So we get 0B is the bounded absorbing set. 

(3) Since 1 0E E is compact embedded, which means that the bounded set in 1E is the 

compact set in 0E , so the semigroup operator ( )S t exists a compact global attractor . 
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