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ABSTRACT

The paper studies the initial boundary value problem for a class of the Kirchhoff-type
equations with strongly damped terms and source terms in abounded domain. Under suitable
assumptions, some priori estimates are acquired. In addition, the existence and uniqueness of
the solutions are got by the Galerkin’s method. Furthermore, the existence of the global

attractor in HZ () x H' (©) x L2(Q) x L?(Q) is obtained.
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1. INTRODUCTION

In this paper, we consider the existence of the global attractor for the following Kirchhoff-
type equations:

u, —M (||Vu||2 +‘va )Au - BAU, + g, (u,Vv) = f,(X), (1.1)

Y M (VU + 7™V A)V + BA)Y, + g, (u,v) = £,(X), (1.2)
u(x,0) =u,(x),u,(x,0) =u,(x), xeQ, (1.3)

V(X,0) =V, (X),V,(x,0) =v,(X), xeQ, (1.4)
u(x,t)=v(x,t)=0, xeaoQ,t>0, (1.5)

where Qis a bounded domain inR"with a smooth boundaryoQ, 8 >0is a constant and
f,(x)(i=12)is a given source term. Moreover, M (|Vul’ +HV”‘VH2) is a scalar function. Then

the assumptions on M and g; (U, v) will be specified later.

Let’s review some results with respect to the equations of Kirchhoff-type. As is well
known, Kirchhoff Eqg. (1.6)was first studied by Kirchhoff(1883)[1]who investigated the
following nonlinear vibration of an elastic string foro = f =0:

2 2 2
phgt_l:+§aat—u={po+§—t OL(%IJ dx}%Jrf; 0<x<Lt>0 (1.6)

where U = U(X,t) is the lateral deflection at the space coordinate X and the timet , © the mass
density,hthe cross-section area, p,the initial axial tension, Lthe length, E the Young’s

modulus, & the resistance modulus, and f the external force.
This kind of wave models has been studied by many scholars under different types of
assumptions. Particularly, well-posedness issues for Kirchhoff-type models like (1.1) were
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studied intensively in recent years. The single wave equation of Kirchhoff-type with a
strongly damped term of the form:
1 2

u, + M ([A2ul| YAu+SAu, = f(u) INQx[0,+w), (1.7)

U(%,0) =y (X),U,(x,0) =U,(x), ~ and u(x,t)| =0, (1.8)
where A=—A ,is studied by Kosuke Ono [2] who proved the global existence, asymptotic
stability and blowing up of solutions for some degenerate non-linear wave equations of
Kirchhoff-type with a strong dissipation by using the ‘Modified potential well’ and
‘Concavity’ methods. Before that, Hosoya and Yamada [3] researched (1.7) with

M (r) > m, >0 (non-degenerate type) and with a linearly damped termu, instead of Au, ,and
testified the global existence of a unique solution with the small data condition in

D(A)XD(Aé) (see [4] ). Meanwhile, when M (r) =r” (degenerate type) and f(u)=0, the

global existence of the solution under the small initial data in p(a)x D(A% ) has been obtained

by Nishihara and Yamada [5]. Then, some authors also studied the decay estimates about the
above of solutions. (see [6,7]).

In [8], Yunlong Gao, Yuting Sun studied the longtime behavior of solution to the initial
boundary value problem for a class of strongly damped Higher-order Kirchhoff type
equations:

Uy +(8)"u, +[D7u[* (A)"u+ g () = F (0, (x,t) € Qx[0, +0), (1.9)
U|.0=0, u(x,0) =u, (x), u,(X,0) =u,(x). (1.10)

In [9],Yunlong Gao studied the longtime behavior of solution to the initial boundary value
problem for a class of strongly damped Higher-order Kirchhoff type equations:

Uy, +(—A)"u, + (@ +,BHVmuH2)“(—A)mu +gu) = f(x), (x,t)eQx[0,+mx),

(1.11)
u(x,0) =u,(x),u,(x,0) =u,(x), xe€, (1.12)

u(x,t) =o,% ~0, i=12,L ,m-1xea,te(0,+w). (1.13)
Under the suitable assumptions, Han and Wang [10] obtained the global existence and finite
time
blow-up of the solutions to the system of the nonlinear viscoelastic wave equations:

U, — AU+ j; g,(t—s)Au(s)ds +u,[" U, = f,(uv),  (x)eQx(©0T), (1.14)

v, —Av+'|-0t g,t—s)AV(S)ds + v v = F,uv), (X 1)eQx(0,T).

(1.15)

Then, Wu [11] improves the earlier blow-up results in the literature. He proved that under
proper conditions on the nonlinearity of the damped and the source terms and certain initial
data in the stable set and for a wider class of relaxation functions, the decay estimates of the
energy function of exponential or polynomial depending on the exponents of the damping
terms in both equations by Nakao’s method. The equations as follows:

u, —M (||Vu||§ + ||Vv||§)Au + _[; g, (t —s)Au(s)ds + |ut|p_1 u, = f,(u,v), (1.16)

Ve ~M(Vull + WAV + [ g, (t-)av(s)ds+ v [Ty = fuy). (117)
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Motivated by previous results, it is interesting to study the global existence of solutions and
the finite dimensional attractor of the problem (1.1)-(1.5).At first, we prove the global
existence and uniqueness of the solution under suitable assumptions on the function M,

0;(u,v)(i =1,2) and certain initial data. After that, we obtain the attractor of the equations.

The paper is arranged as follows: In Section2, we show that the preliminaries and some
lemmas. In Section3, the existence, uniqueness of the solutions and the attractor are derived.

2.Preliminaries
In this paper, we introduce material needed in the proof our major results. The standard

Lebesgue space L”(€2) and Sobolev space H™(€2) with their inner product and norms are
o' :
used in this section. Meanwhile we define Hom(Q)={u € Hm(Q):Elf=0,l =0,1L ,m—1}

and introduce the abbreviations:

E, = Ho(Q)x H' () x L (Q)x L*(Q2), E, = (H*() | Hy()x(H*™ ()1 Hy(€2)) x Hg(€2) x Hg' (€,
|||| =| LZ(Q),||-||Lq =||-||Lq(Q) for any real numberg>1.Next, we give some assumptions and

notations needed in the proof of our results.

(H,) Setting g,(u,v) = oGu,v) ,9,(u,v) :%and F (u,V) satisfying
Fu.v) 2 (v +[v™v)-c), 2.1)

forVy >0 there existC(») =0, and where F(u,v) = IQG(U,V)dX .

(H,) There exist constant ¢, >0 ,such that

(9,(u,v),u) +(9,(u,v),v) 2 c,F(u,v) (2.2)
(H,) There exist constant £ >0 ,such that
M ([vulf +[v™v[) 2 5 >0, 2.3)
and
G e T A DB A IO T

(H,) There exist constant ¢, > 0 ,such that
|9:(u, V)| ¢, (@+[uf +]v),and g;(u,v) eC*(Y), (i=12), (2.5)
2n
n-2
Lemmaz2.1.(Sobolev-Poincare inequality [12])Let S be a number with 2<s<o0,n<2m and

where 2<r,s< (n>2) and 2<r,s<o(N<2).

2<s< ,N>2m Then there is a constant K depending on Qand S such that

n—-2m

lul, < K |(-4)2u], vu e HO (). (26)

Lemma2.2. (Young’s Inequality [13])For V& >0and a,b >0 then
p
ab<iari b 2.7)
p ge*
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1 1
where —+—=1,p>1q9>1,
P q

Lemma2.3.(Gronwall’s inequality [13])If Vt €[t;,+o0), y(t) >0 and ((jj_)t/ + gy < h,such that

YO < yit,)e oY +g,t >t,, 2.8)

where g >0,h > Oare constants.
Lemma2.4. [14] Let¥ be an absolutely continuous positive function on R*,which satisfies
for some x> 0 the differential inequality

%y/(t) +2ry (1) < g(t)y (1) + (D), t>0, (2.9)
whereh e L5, .R*and
I:g(y)dySK(t—r)+m, for t>7>0, (2.10)
With some m>0.Then
w(t) <e™(w(s)e™ " + Lt Ih(y)e™*dy), Vvt=s>0. (2.11)

Lemma2.5.Assume (H,) ~ (H,) hold, and (U, Vi, Py, ) € Ey, f,(X) € L*(€2) .Since the solution
(u,v, p,q) of the problem(1.1)-(1.5)satisfies (u, Vv, p,q) € E, ,and

: KO G
min {1, ?’f} C,&, Min {1, 35} ’ (212)

where p=U,+&U,q=V, +&V, P, =U, +&U,, 0y =V, + &V, 4, is the first eigenvalue of —A in

HI©), 6e, = mm{— 2—(8412+2)81+M,—gf—(3”1m*2)el+mlm%,%°},
0<gl<min{ﬁ—ﬂl,'8—ﬂim,

2 2
P+ D+ 2) 1657, (A +2)+(BAT + 2 H16PT |

4 ’ 4

andc, =, (| f,()|".| (x)||2 C(n),

%O = poff o] <
t, =1,(€2) > 0 such that

el M (s)ds + 2F (u,,V,) +2C(7,) + 1 =§So, there exists R, and

Iu,v, p, q)||i0 = ||Vu||2 +HvaH2 +| p||2 +||q||2 <RZ,(t>t,). (2.13)
Proof. Multiplying Eq.(1.1)by p =U, +&U then
(U ~M VUl 4[> Au-pau, +g,(u,v), p) = (£,(x), p). (2.14)
By using Holder inequality, Poincare inequality, Young’s inequality, we obtain
(t“p)_Zdt”p” _51||p| +(6‘1U p) ( )
: 2.15
1d 26, +¢ &’
18 pop 27 5 op 5 g
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(~M(|vul +

. 2.16
= M(|vul +|v"v H%linw” MVl +|v[ O vulf 219

(~pAu,, p) = (~BA(P—&u), p) = B|Vp| - Be.(Vu,Vp)
L(2—-g) 2 Pa 2
> BC B ypp Ly

(2.17)
WBR-)y 0 B yon
> 22— el = vl
(91(U1V)| p) = (91(U’V)’ut)+(gl(unv)'51“)
= [ g, U+ £,(0, (U ). u) (2.18)
(f,(0, p) <2 ||p|| 2||f1<x>||2. (2.19)
Plug (2.15) into (2.19), then
Lol e -2 palleft ~ (o oy oo
2dt . /11
+M(|[vu[’ +vavH2 >§a||Vu||2 reM(Vul HvyOIvuf . (2.20)

|01
2 2

1

+jQ 9, (U, V)udx+¢,(9, (u,v),u) <

Multiplying Eqg. (1.2) by g =V, + &V, then
2
v + MV V) (- 2)"V+ A-A)" + g, ), 6) = (F,(0.0). (2.20)

By using Holder inequality, Poincare inequality, Young’s inequality, we obtain

(Vy p)—Eallqll —&|af +(s2v,q) -
. 2.22

1d (251+51 ) vy 2

> 2ol - ol - 2 7

Mvul +[v™> (-A)"v,q)

. 2.23
T R Y e

= M(|Vulf +[v"
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(&-A)"v,,q) = (A-A)"(a - &), o) = B|V"a| - Be(V™V, V")
. BR-¢&) [v"a[f _Pa
2 2

mﬁ(z_ 1) 2 ﬂl my,|I?
2 2 L2 - L]
(2.24)
(9,(u,v),q) = (9, (u,v),v,) +(9,(u,v), &Vv)
= [, 20V 6,0, @) (229)
(f,(%), q) < ||Q|| t2.7 2||f (X)|| (2.26)
Plug (2. 22) into (2. 26) then
31
L8 Yo -
+M(||Vu||2 +HV VHZ)EEHV'“VH +glM(||Vu|| +HV VH )HV VH (2.27)
+I g, (u,v)v,dx + & (g, (u,v),v) < | f2(x2)||
Q 2¢,
Adding (2.20) to (2.27), by(Hl) (H,), we have
3ol ol [ s 28 @) st - B gl
2 B/l1 +2 6‘1 ,Bgl ,Bel
o - By s gl s Bl - B g

[0+ £, 01
2 2

1

eM (||Vu||2 +HV”‘VH2 ) ( ||Vu||2 +HV”‘VH2) +c,F(u,v) <

By (2.1), (H;), we get

LRI o)ds + 2F ) + 2C()
230 , "
, (2.29)
> 2L v +F )+ () 20
where 7, =§.
By (H;) ,we have
ZaM VU [V v + v - o f”gl)” v - 51 + Loy oy

(2.30)

> (b Lo+ (L B Loon 20

Therefore, from (2.28), (2.30), there exist a constant ¢, > 0 satisfies
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Bﬂl +2

BA, +2
(T)

gl+ﬂﬂ‘l’_glz ( )1 ﬁ/g _0}, (2.31)

c,&, = min {—gf —~
such that

L8 ol ol + [ My + 2@ + 2000+
(2.32)

callpl +[aff + ™ M2 W+ 2001 <,
wherecZ:c2(|| fl(x)” ’” fz(x)” ’C(yl))

Then, we set yl(t)_” p|| +||q|| I” of o M(s)ds+2F(u,v)+2C(7/l),(2-32) is simplified as

d
a yl(t) + Clglyl(t) < Cz . (2-33)
With (2.29),we can get Y, (t) >0 .Hence, by using Gronwall’s inequality, we have

no-e“ G
min{l,?f} Cglmln{ 3ﬂ} (2:34)

VUl [V -+ el + < v, 0 <

Next,

i C
tim|(w,v, p )l = Vol + V™[ + o[ +[al" < :

c,&, Min {1, ‘ff} ' (2.35)

So, there exist Ryand t, =t,(€2) >0 such that

Iu,v, p, q)||2EO = ||Vu||2 +HV”‘VH2 +| p||2 +||q||2 <R, (t>t,). (2.36)
Lemma2.6.

Vol v’ 2 mull?
(Hg) :2((f,,u)+(f,,v)) <2¢,, |u, || +|v, || _[ M (|Vu|” +| V™| )dt+ 2F (u,v) —2¢, > 0

Under the hypothesis of Lemma2.5., (H,)—(H,) hold and (u,, vy, Py, d,) € E;, f,(X) e Hi(QY),

f,(x) € Hy' () .Then the solution (u,v, p,d) of the problem(1.1)-(1.5)satisfies (u,v, p,q) € E;

,and

e"y,(0)-6 % e
min{l, 8}  ce, min{l B}’

where P=U,+&U,q=V,+&V, P, =U, +&U,y,0q, =V, + &V, 4 is the first eigenvalue of —A in

H3(©) and, ¢ = e[V OO, IVE, ().

~(BA+2)+/(B4+2)* +8p4,
7 ,
BA" ,-(m;" +2) + (A" +2)° +8ﬁ2{“}, e, = minfoe,’ _(B/?1+2)g2 BA ,64_2,
2 4
le +2

|au? +[am™] + vl +|va| < (2.37)

O<gl<min{ﬂ,ﬂ;1,

e, + M 3 Y20 = [V [+ V7| + M (vulf

_522 (

So, there exists R, and tl =t,(Q) >0 ,such that
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v, p.abff, =[auf [ +[pf +|vnaf <R:@>t).  (@238)
Proof. Taking inner product by (=A) p = (=A)u, +(=A)s,u ,in(1.1),we obtain
(U, ~M vl V™[> Au- AU, + g, V), (-4)p) = (£,(x),(-A)p).  (2:39)

Following the computation in (2.39) one be one and using Poincare’s inequality, Young’s
inequality, we have

(uy, (-A) p)_——||Vp|| 2||Vp||2+(522Vu,Vp)

(2.40)
1d 28, + ¢
210y o) o

S R

2 dt 2,
(-M(|vulf +||vmv||2 ) Au,(=A) p)
=(—M(||Vu||2 +||va||2) Au,(—A)ut)+(—M(||Vu||2+||va||2) AU, (—A)&,U)

laul” o

d n m
:%a[wnwnz v Jaulf1+ e,M vl +v auf’ - >t

(2.41)

M(||Vu|| +||V v|| )

(=AU, (-A) p) = B|lAp| — Be, (Au, Ap)

B2-¢,) Be . (2.42)
> B e gt - Ll
By using (H,) ,we can easily find a constantc, >0 ,such that
2 s r
g, uV)|* = [ |g;(u,v)[ dx < c(1+u +|v )zdx
o, = o) J ARLLETA

Next, we need the further estimate of (2.43).By the interpolation inequality and
Lemma2.5.,we have

n
S n(s—: S—n(s— 1— = - 2
Julls < [l Jul or{ ***h2 "2 (249
1<s<w (n<2)
n(r-1) 2r n(r-1) n
vl <c vy m g e )
1<r<w (n<2m)
So, there exist ¢, >0 such that
i) <2 (2.46)

Furthermore, we have

_ S 2_LaplP
(9,(u,v), (A)p) 2 2ﬂ||91(U,V)|| 2IIAIO|| . (247)

ot e ILOOf
(f.(x),(-A)p) < 5 Ve[ + 262

Substituting (2.40)-(2.42),(2,47)-(2.48),into(2.39), then

(2.48)
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1d . BA +2
S IvRff + MU |y Ao T e - B2, + Lo el
_(% + L22) auff +2Mwulf [ auf

vEel sl d
T2g) ST

M(||Vu|| +HV VH )

(2.49)
Similar to the above calculation, we use (—A)"q=(-A)"v, +(-A)"&,vmultiply with both
sides of Eq.(1.2),and we get

(Ve + MU+ V™[ ) (- 8)"v + A - A)™, + g, (U, v), (-4)" ) = (F,(x), ()" ).

(2.50)
Then,
(Vi (-A)" q)—muv o —&|v7a| + (&, v™v. V")
(2.51)
1dy_, 2e,+¢& n m
SR et Y,
MV +|v™y ) -8)"v, (-a)" )
d m m
=1—[M<||Vu||2+ v MC[vulf +vv jam] (2.52)
A"V
8 o

(~BEA)"V,, (-A)"a) = B|A"d| - e, (A, A"q)
. 2.53
LTI
2 2

(0:(03.(-8"0) 2~ o 5] (254

I

82

(2.55)

(1,00, (A gy <22 v qf +

From the above, we obtain

L8 '+ el v a1+t - Ry, o

_ ﬂgz
(221 =
MO

&
Plug (2.49) into (2.56), we get

A" + e, M (vl +[v|

. (2.56)

M(||Vu|| +HV VH )
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%%[”VP”Z v+ MVl v ( ||Au||2 + HAmvHZ)] . [_522 _ (M) g+ %]”VPHZ

BA" -|-2)‘92 . ﬂ/;'lm]uvm 2

ﬂgz
: of - B

e B

o

"'[_522 - (

/11
+e, MVl He™ > (aulf +[am])

Ul +fan) o MGG v ACTI

D o sy PO :
(2.57)
Similar to Lemmaz2.5., we have
ggzM(”Vu” o) auf + [an]) - (‘9;1 f"92)||Au|| 21 ﬂ‘%)umvu
> (%%—Z‘i—&)nmnz e 82m By Ianf 50
A2 4 23" 2

(2.58)
Next, by (H,;) ,as following

2 vuf > 22 aalf e a) 259)

setting v, (t) = [Vp|” +[v"d + Mvul +|[v™]")(au]’ +[a™]"), which imply that
Mvulf +H[vev] (lau]” +]lamv])

lau]” +flamv]f <

¥ii
_ % . (2.60)
Yei
By Lemma2.5.,
d |12 m
p M(|[vul] +HV VH )<c, (||Vut||+HV v, H) : (2.61)
Substituting (2.58),(2.60)-(2.61) into (2.57), then
d c m
7 0+ 2ey,O < E(Vu V.0 +e, (@262
t 2p3
. BA +2 BA™+2 " e
where ,Ce&, = mln{—gz2 —( %2 )&, +ﬂ;1 —&, —( 312 )E, +ﬂ221 ZZ}
Cy =Gy (CevHVfl(X)”zv
IVE, ) -
Moreover, taking the inner product of (1.1),(1.2)withu,,V, ,we obtain
) T (v Vv pds ey, (2.63)
where ¢, >0is a constant.
Therefore, with some m > 0,we have
t C m
) j (Vu|+[v™v)ds sm+cet  for vt=0. (2.64)

By Lemma2.5., then
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y,(t) <e™y,(0)-e"*7 +e" .[Ot e *7ds for vt>0

. . (2.65)
Semyz(O)-e*Cfﬂgzwﬁ
Ca&;
So,
m —Cgé&ot m
AUl + A +[vpl? + [vrgl < &Y ©)-¢ €%
[u] H H [vel H qH min{l, S} ¢, min{l B}
(2.66)
Then,
fim v, p o) =Jauf’ +|Am +|Vpff +|vraf < — 2%
t0o 3 Csg, min{l, g}
(2.67)

Therefore, there exists R, and t, =t,(€2) >0 ,such that

v, .ol =[au +[am| +[vplf +|v a| <RZ (t>t).
(2.68)

3.Global Attractor
3.1. The Existence and Unigueness of Solution

Theorem3.1. Assume (H,) —(H,) hold, (H;):0<k, < % M (V| +HV”‘VH2) <k, and

(Ug, Vo, Py Qo) €E;, F(X) e Ho(QQ), F,(X) e HY(Q). p=U, +&U, =V, +&V. Hence, Eq. (1.1)-
(1.5)
exists a unique smooth solution

(u,v, p,a) e L°((0,0); Ey) . (3.1)
Proof. Using the Galerkin method, Lemmaz2.5. and Lemma2.6., we can get the existence of
solutions. Now, let’s prove the uniqueness of solutions.

u u
Supposewl=(vlj,wz=(V2Jare two solutions of the problems (1.1)-(1.5).Let
1 2

u
W:(ijwl_wz. Then,W(X,O) :WO(X) :O,V\/t(X,O) :Wl(X) :O’by two equations

subtract,we have

U+ M (VU [V, [ )Au, =M (90, + [V )Au, - Aau, + g, (0, %) - 9, (U, v,) =0,
(3.2)

Ve + MV + V) A)m™ = MV + VP A, + B-AY™, + Gy (U, ) — G (U, V,) =0
(3.3)
By using U, to inner product of Eq. (3.2), we have

1d m
Sl = a wuf + [,

‘Z)Au2 ~M (V| + HV”‘leZ)Aul, u,)

A1V + (0 W)~ 6,(,. ), u) =0
(3.4)
In the next section, we process items in (3.4), respectively.
By (H,), we have
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1d d m
M ([Vu, | +[v M (IvVu,|[ +[v vl ” M (o, +[v™v,[)
1d 2 || u||
>=—[M(|V —
"3 dt[ (v b2
.(3.5)
By Lagrange’s mean value theorem, Lemma2.5. and Lemma2.6., we have
‘(M (||Vu2||2 + HVmVZ HZ)Aul - 1”2 + D= c([Vul+ Al
oy ul
<cg, (||Vu||2 + HV”‘VH )+tT
(3.6)
Hence,
M (VU +[V™,[)Au, ~ M (vu ] + [V )Au, u)
m 1d m
=M vy, | +[|v VZHZ)——”VUHZ MV + [V, [ )au, - M (Vo +[v™y,
k,[[Vu ? u |
> ——[M (||Vu M—c13(||Vu||2 +HV”‘VH2)—@
(3-7)
By( H, ) , and young’s inequality,we get
|(gl(u1’V1) - gl(uzvvz)v ut)| = (gl(ul’vl) - gl(UZ’Vl) + gl(UZ’Vl) - gl(u2’V2)1 ut)
= (glu (51’ Vl)(Ul - uz)r Ut) + (glv (uz ) 52)(\/1 _Vz)! Ut)
< Cyg Jul- ]|+ s V] u |
m 2
< Cu [vulf 4 C15HV VH |
24 24" t
(3.8)
Then,
1d m
> g+ M +[vme ) ]vul’
(3.9

3 2 k ¢ 2 C m 12
<(5-4P) e[l + (e +?l+ﬁ)”w” +(Cp+ sz)uv v
Analogous to the above, we use V, with both sides of Eq.(3.3)and obtain
1d
EE”“”Z MV’ + V™))" MV, [+ ) A)"Y, )
I+ (9,0 ) - 8, (U, %,),v,) =0

(3.10)
Next, we process items in (3.10), respectively

MV + V™ YAy, ~M (v,

> EE[M (||Vu2|| + HV v2

NN
=

m 2
M—qﬁ(”Vu”er vy
(3.11)
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Ca[Vu] | CulVY

e
|(gz(ul’V1)_gz(uz’vz)vvt)|S 2]1 Zﬂ’lm +||Vt|| ' (312)
Then,
d 2 2 m. |12 m. |12
Sgrll M (Ve +HV VzH v
—(—_/11 BV, || +(Cp + 2 231 )HV VH +(;/171+016)”VU”
(3.13)

Plug (3.9) into (3.13), we have
1d m
T Y VT Y

2

(vl + V™)1

5"

V™

3 3 . k, c C, c
<GAPI + G A DI + e T s % 1) [vuf +(c13+c16+k21+2/11 )
(3.14)

, . k¢ C
Obviously, there exists &; = max{c13+cl6+ VRN 12 \Cia+Cg+—+—>+ 184,

2 24, 24 2 24" 27

g, <cM (||Vu2||2 +||va2||2) ,S0, taking &, = max {g—ﬂlﬂ,a—ﬂlmﬂ,%} , We get

1 d 2 2 2 2 2 2
—— M (|[V v \% v
s ailoll bl el ool sy
2 2 2 m
<aful + I+ MV v,
By using Gronwall’s inequality for (3.15), we have
Julf +{lf + M v [+ o [ vulf + vy

<[u, @ +[v O + M (vu, @) +[v"v, @ )[Tu©| +[v"v©O)[ ) '

(3.16)
which imply that
w(x,t) =0, (3.17)

_ ul _ _ uZ
W=l ==l ) (3.18)

Since, we get the uniqueness of the solution.

Therefore,

3.2. The Global Attractor

Theorem3.2. [13] Let E be a Banach space, and {S(t)}(tzo) are the semigroup operator onE .
S(t+7)=S(t)S(r)(Vt,r>0),S5(0) = I \where | is a unit operator. SetS(t) satisfies the follow
conditions:

1). S(t) is uniformly bounded, namely VR >0, Ju|. <RIt exists a constant C(R) ,so that

ISt)ul. <C(R).  (t [0, +o0); (3.19)
2). It exists a bounded absorbing set B, = E, namely, ¥B < E ,it exists a constant t, ,so that
S(t)B < B,y (t>t,); (3.20)

where B, and B are bounded sets.
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3)When t>0,S(t)is a completely continuous operator. Therefore, the semigroup operator
S(t) exists a compact global attractor A .

Theorem3.3. Under the Lemmaz2.5., Lemma 2.6. and Theorem3.1. equations have a global
attractor

A=w(B,)=NUS({)B, (3.21)

20t>7
5 ”u||H3(Q) +”V HE™ (@) +|| p”Hé(Q) +||q Hp (@) Ry + Rl} '

B, is the bounded absorbing set of E,,and satisfies
1) S)A=A,t>0,

2) limdist(S(t)B, A) =0 here B < E, ,and it is abounded set,
limdist(S(1)B, A) =sup(inf [SOX-y].) >0t >0 (3.22)

where B, ={(u,v, p, )  E;: |(uv, p. )

Proof. With the conditions of Theorem3.1., it exists the solution semigroup S(t),
S(t):E, > E,.
(1) From Lemmaz2.5. to Lemma2.6., we can obtain that VB < E, is a bounded set that includes

in the ball {|(u,v, p, )], <R}.

IS ©)(Ua:Vor Pos B0l =l + Mg oy + 1Pl o+l

< [ollzcy *+Volluge ey + 1ol + Mol

<R*+C (t>0,(u,,V,, Py.0,) € B)
(3.23)
which imply that S(t)(t > 0) is uniformly bounded in E; .

(2) Furthermore, for any (g, Vo, pm%)”El whent >max {t,,t,} ,we get

SV, o A =ulls ey M

vemiey HIPls oy +lllp o <RZ+R2.

(3.24)

So we get By is the bounded absorbing set.

(3) Since E, = Ejis compact embedded, which means that the bounded set in E,is the
compact set in E;, so the semigroup operator S(t) exists a compact global attractor A .
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