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ABSTRACT

This paper deals with the initial boundary value problem for a class of Kirchhoff-type
coupled equations with strong damping and source terms. By using the Galerkin method, the
existence and uniqueness of the solutions are got. And then we obtain the existence of the
global attractor.
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1. INTRODUCTION

In this paper, we concerned with the existence of the global attractor for the following
Kirchhoff-type equations:

u, —M (||Vu||2 +||Vv||2)Au - BAu, + g, (u,v) = f,(x), (1.1)
v, —M (||Vu||2 +||Vv||2)Av—ﬂAvt +9,(u,v)=f,(x), (1.2)
u(x,0)=u,(x),u, (x,0)=u,(x),xeQ, (1.3)
v(X,0) =V, (%), (x,0)=v,(x),xeQ, (1.4)
Ul =Vs =0, (1.5)

where Q is a bounded domain in R* with the smooth boundary oQ, 3 > 01is a constant.
M (s)is a nonnegative C* function, —Au, and —Av, are strongly damping, g, (u,v)and g, (u,v)
are nonlinear source terms, f, (x)and f, (x)are given forcing function.

It is known that Kirchhoff (1883) [1] first investigated the following nonlinear vibration of an
elastic string for6 = f =0:

U _éu EhfauY | | dau
hOY s Mt L2 M) gl 98 L p<x<Lt>0 16
P % {p" 2L0(axj }ax2 (1.6)

where u :u(x,t)is the lateral displacement at the space coordinate x and the timet, p the

mass density , p,the initial axial tension ,Ethe Young modulus,Lthe length, f the

external force, o the resistance modulus.
R Lou, P Lv, G Lin [2] considered a class of generalized nonlinear Kirchhoff-Sine-Gordon
equation

u, — BAU, +au, —¢(||Vu||2)Au +g(sinu)=f(x), (1.7)
u(x,t)=0,xedQ,t>0, (1.8)
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u(x,0)=u,(x),u (x,0)=u,(x),xeQ, (1.9)
where Q is a bounded domain of R" (n >1)with a smooth boundary 6Q; « is the dissi- pation
coefficient ;Bis a positive constant ; and f (x) is the external interference .then

they prove the existence and uniqueness of solution to the initial value condition, they study
the global attractors of the equation.

G Lin Y Gao [3] study the longtime behavior of solution to the initial boundary value
problem for a class of strongly damped Higher-order Kirchhoff-type equations

U +(=A)"y, +(a+,8HV”‘uH2)q(—A)mu+g(u)= £(x),(x1)eQx[0,+), (1.10)
u(x,0)=u,(x),u,(x,0)=u,(x),xeQ, (1.12)
u(x,t):O,% =0,i=1...,m-1xeoQ,te[0,+x), (1.12)

wherem>1is an integer constant ,« >0, # >0are constants andqis a real number.Qis a

bounded domain of R" with a smooth boundary 6Q andVv is the unit outward norm- al onoQ.
g(u)is a nonlinear function specified later. Then they prove the existence

and uniqueness of the solution by the lemmas and the Galerkin method. They obtain to the
existence of the global attractor in Hy' x L* (Q).

Shun-Tang Wu [4] consider the initial boundary value problem for the following non- linear
wave equations of Kirchhoff type:

u, —M (||Vu||2 +||Vv||2)Au +J: g(t—s)Au(s)ds+[u,|" "u, = f,(u,v) inQx[0,00),

M (||Vu||2 +||Vv||2)Av+j; h(t—s)Au(s)ds+[v,|""v, = f, (u,v) inQx[0,),

u(x,0)=u,(x),u,(x,0)=u,(x),xeQ, (1.13)
v(X,0)=v, (%), (x0)=v,(x),xeQ, (1.14)
u(x,t)=v(xt)=0,xeoQ,t>0, (1.15)

whereQis a bounded domain inR"(n=12,3)with a smooth boundaryoQ,M(r)is a
nonnegative C* function likeM (S)=M,+as’, withM;>0,a220,M;+a>0 and y>0
andg,h:R" > R*, f, (.,-):R2—>R,i=1,2, are given functions which will be

specified later. They obtain the blow-up of solutions in finite time when the initialenergy
IS nonnegative.

Yaojun Ye [5] studied the global existence and energy decay of solutions for coupled system
of higher-order Kirchhoff-type equations with nonlinear dissipative and source terms in a
bounded domain:

utt+¢(HD”‘1uH2+HDmZV )( ~A)"u+alu|u = f,(uv),xeQ,t>0, (1.16)

+¢(HD”‘1UH +HD”‘2V )( A)m2v+a|v| =f,(u,v),xeQ,t>0, (1.17)
u(x,0)=u,(x),u (x,0)=u,(x),xeQ, (1.18)
v(X,0)=v, (%), (x0)=v,(x),xeQ, (1.19)
i_o|_012 1, (1.20)
ov'
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aJ

e
They prove the existence of global solutions for this problem by constructing a stable set in
H, (Q)x H," (Q) and give the decay estimate of global solutions by applying a lemma of

V.Komornik.

=0,j=0,12,..,m,—1, (1.21)

2. Preliminaries
For brevity, we define

H=L1(Q),V,=H;(Q),V, =H*(Q)nH;(Q), (2.1)
E, =H,(Q)xH ( ) L*(Q)x L ( ) V,xV,xHxH, (2.2)
E, =(H?(Q)nHg (Q))x(H?*(Q)nH; (Q))x Hg (Q)x Hy (Q) =V, xV, xV, xV,. (2.3)
In addition,
=l Hhy =g - (wev) = [ u-vebx. (2.4)
Lemma2.1 (Young’s inequality[6]) For anyg >0anda,b > 0,then
ab<—pap+ibq (£+1:1,p>1,q>1]. (2.5)
p qe’ P q

Lemma2.2 (Holder inequality[6]) Let£+£:1,p>l,q >1,for any f(x)eL’(Q),
P q

g(x)e () then

1 1
J'G‘f (x)g(x)dx < (.Uf (x)‘pdx)p (J'G‘g (x)‘qu)a. (2.6)
Lemma2.3 (Poincare inequality[6]) If QcR" then,
| YueH(Q), 2.7)
where 4, > 01is the first eigenvalue of —Ain Hé.
Lemmaz2.4 (Gronwall’s inequality[6]) If Wt [ty,+o), y(t)>0and %4— gy < h,such that
y(t)<y(t,)e "™ +g,t >, (2.8)

where g > 0, h > Oare constants.
Lemma2.5 (Gagliardo-Nirenberg inequality[6]) LetQ<=R",n>2, for anym2>1,p=>1,
ueW,"(Q), then

Julo o) S (1 oy (29)
where o = (E—EJ (1— n- mj ,C =C(Q)is a constant.
rop)lr nm
Next, we give some assumptions
(H,)
J(u,v)= IQ_[OU gl(g,v)dfdx+.[gj0v g, (u,77)dndx > 0. (2.10)

There exists constant x> 0,C, >0,C, (x)>0,such that
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(02(uv),0)+(92 (uv),v) 2 C (uv) = ([Vuff + ][9] ) - 6C, (1) (21)

(H,)
M (s)eC'(R). (2.12)
(Hs)
: 34
There exists constant < - B, B, such that
d
pr (Al +]av[*)> 0
1<B<M(s)<B, B, = 4 : (2.13)
2 2
B (I18ul” +av[*) <0
and
M (s)-s> [ M (t)dt>0. (2.14)
(H.)
There exist constant C, >0, such that
‘gi (u,v)‘ <C, (1+|u|5 +|v|r), i=12,9 (uv)eC?, (2.15)

where 2<s<oo(n=2).

Lemmaz2.6 Assume (H,)-(H,)hold, and (u,,V,, p,. ;) € Ey, f, € L (Q), f, e L*(Q),
p=u,+eu,q=V,+¢&v, then the solution(u,v, p,q)of the problem (1.1)-(1.5) satisfies
(u,v, p,q) € L”((0,+0); E,),

and
_ C
o[+l + [vul +[vv[ < y(0)e o (2.16)
4
where
y(0)=]lu, +&u ||2 +|v, + v, ||2 +J.HW°H2+HW°H2 M (s)ds+2J (g, V) (2.17)
1 0 1 0 0 0'Vo ) .

C, =min {g,m—zgz 2, 2(:1} (2.18)

2 2
C, =M+2302(/¢). (2.19)
&
so there exists R, andt, =t,(€2) > 0 such that
I +al” +[[Vul* +[[VV]" < R?,t>1,. (2.20)
Proof.
Taking the scalar product in L2 (Q) of equation (1.1) with p =u, + eu, and we obtain
(utt -M (||Vu||2 +[ vy’ )Au - BAu, + g, (u,v), p) =(f,(x).p), (2.21)

36 (1
where O<e<—-| —+ B+2u|.
°<5 {ﬂl / ”J

Then, by using Lemma2.1, Lemmaz2.2, we have
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2
(P22 Sl £ 2o - o (222
2 dt
(=M (Ivul+ 1wV ) au, p)
= 20 ([l 4wl ) S vl + M ([vul + v )vuf o
2 dt
2
(-, p) = Efvplf ~Z2 wulf. (2.24)
(9,(u,v) j I g, (& v)d&dx+(g, (u,v),eu). (2.25)
1 2 & 2
(1.P) < |6 + Sl (226
So, we obtain
&2 +2¢
L8 o 2 ot - Juff 2w ([ o)l
B &' p
v ([9u + v )|vuf + el - =2 wulf
(2.27)

d o

+EJ.QJ-O gl(f,V)dde—l-(gl (U,V),gu)
1 &

<ozt lel

Next, taking the scalar product in L (Q) of equation (1.2) withq =v, + &v, and then, we have

£ +28 g e 1 2 2\ d 2
Zdt ol - Jalf = VI + 5 M (Ivulf + 19 ) 19
82
+waw%wwﬂWW+§WW—7§WW
| (2.28)
ELJO g, (u,7)dndx+(g, (u,v),&v)
1 2 &5y e
<ozl +=fl
Adding (2.26) to (2. 27) we have
£ +25 g? g’
2 a (1o +1a)- (eI +al”) = =-(jul + IIVIIZ)——ﬁ(IIVUIIZ +[w)
+3 M (|ulf +vdf ) (Il <9 )+ e (Ivulf ) (Ivulf + ) 02
2.29

+E(||Vp|| +[va|’ )+a.[QJ'O gl(f,v)dédx+a.[gj'o g, (u,77)dndx
(00 (uv), 20) (0, (0V),e9) € s [ + Eolf + =S | F + £ o
A A VLI I 2g2 172 7o
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where
d plvef v’ 3 2 2\ d 2 2
< M (s)ds =M ([vu” +[vv] >E(HV“” ). (2.30)
By using Lemma2.3, we have
82 82
—;(IIUIIZ M ) = —a(llwllz +IIVVIIZ) , (2.31)
S0, we can get

gt &
2ot (ol « [ ) ool 9] 2] £+ 2 I+

&

> M (IIVUII2 + IIVVIIZ)(IIWII2 + IIVVIIZ) . (232)
g Ivul+vv?

> EJ.O M (s)ds

where g<%-(%+ﬂ+2ﬂ]_

By using lemma2.3, we have

d U2+ V2 U2+ vz

LT w s ol el + 2 (ww) [y [ m s ol +llf + 23 (wv) | <c,

0
where

2 2
c, =min{§,m—2gz—2g,2cl},c5 =M+2£Cz(u).

&
We know
y(t)= J’JWHHHVVHZ M (s)ds+||p| +[af +23 (u,v)>0, then by using lemma 2.4, we get
y(t)< y(0)e +g_i . (2.33)
Next
fim (u.v. @), =[Vul” +[9v]f +[plf + < g— , (2.34)

so there exists R, and t, =t, (€2) >0 such that
[(u.v. p.a)

Lemma2.7 In addition to the assumptions of lemma2.6, If (Hg):(Ug,Vy, Po.0)€E,,
f,eHy(Q), f, e Hy(Q), then the solution(u,v, p,q)of the problem (1.1)-(1.5) satisf- ies
(u,v,p,q) e L”((0,+x); E,), and

ey 2C
[Vol + vl +aul” +[av]" < y (0)e "+, (2.36)

10

=lpl ol + Vol + vV <Ry*, t> 1. (2.35)

2
E,

where
Y(0) =V (U +2u, )| + [V (v + v )| +M (V0| +[9%  ) (Jaus |+ avo ).

Progressive Academic Publishing, www.idpublications.org



European Journal of Mathematics and Computer Science Vol. 4 No. 1, 2017
ISSN 2059-9951

cm=mm{z(@_€z ] gﬂ} P

85, &
so there exists R andt, =t,(©) > 0,such that
||Vp||2 +||Vq||2 +||Au||2 +||Av||2 <R’ t>t. (2.37)
Proof.
Taking the scalar product in L* (€2) of equation(1.1) with(-A) p = (-A)u, +&(-A)u,
0<é&<min {ﬂ%—’g} we obtain
2(1+ ﬂﬂl)

(s =M (VU + ]V ) 8u - g, + 9, (uv).(-8) p) = (£:().(-4)p) . (2:38)

and by using Lemmaz2.1- Lemma2 2, We have
1d £ +25

T vl -
= (i +||vv|| ) faulf+ M ([ + v aul

Vel ——IIVUII

p 5 . (2.39)
2 & 2 2 & 2

+—IIAIDII -l = oy (uv) =S lavl

IIVf1|| +—IIVIOII

Taking the scalar product in L*(Q) of equation (1.2) with(-A)q=(-A)v, +&(-A)v,

0<e<min { S, &} and by repeating these steps, then

2(1+ p4y)
1d £ +28
= vt - v
T & ol -2 vl - o
+§ M (Jvulf +||VV|| )EIIAVII +aM ([Vulf + Vv )Jav|?
p 2 &p 2 1 2 & 2 (2.40)
+Ljaaff - L - fo. (wv)ff -Zfaal
1 g’
< LIV S val
Adding (2.38) to (2.39), We have
1d g2 +2¢
5 g IVel +1val’) = ====(Ivol" +[valf )——(IIVUII +vvf)
1
+5M(IIVU||2+||VV||2)E(IIAUI| +av )+ em ([vulf + [ ) (Jauf” +av) o

+§(||Apn2+||Aq||2)—827ﬂ(nAunz+||Av||2)—i(||g1 () +lo: () )

& 1
—E(”APHZ*'”AQHZ)S?|Vf1||2 —IIVPII to IIszII —IIWIII2
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Therefore, by (H,), we can get

1

SM(Ivulf + v ) < (laul + v )>ﬂ2 (lauf +JavF). (242
By using lemma2.3, (H,), (H,), we have

2% v+ valf)+ 2 ol +Jaal’)

= {lap]’ +|aaf )——(IIVIOII +|val’)

2 N (2.43)
(s +2)([ 0l +[¥a )+ £ vl + o)
z(—“i“"')—82—8](||Vp||2+||wn2)
wheree < 3,
and
a5l e (9l ) )~ 2 sl +
= 2 Ll o) (ol o)l o) a4
3 2 2 2 2
([ + 9 )l + )2 2 (Jauf +
whereg<ﬁ.

By using (H;), we have
g, (uv)[ = L|9i (u,v)|2dx < jgcg (1+ uf* + V[ )2 dx <C,? (1+ Julls. + V] ) . (2.45)
So, by the Lemmaz2.5, we have

||u||i2S <C, ||Vu||2572 ||u||2 for 1I<s<oo(n=2), (2.46)
Il <C, [vul" " Jul for 1<r<oo(n=2). (2.47)
Therefore
1
(o @l o (wv)f) <. (249)

So, we can get

(IIVPII +[val’ )+ﬂz (IIAUII +avl’)
+(M _g? —g](”Vp”z +||Vq||2)+%(||Au||2 +||Av||2) <C,

(2.49)

2
then,

d
e IVl Ival"+ 28 (Jau +av[*) [+ Coo([0f + Vel + 28 (Jau]| + [av]) ) < 2

where
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Cy =min{2(@_52_8j ﬁ}’cg :”Vfl” +[[VE, +C

'8, & ©
We know
y(t) =[Volf +val’ + 25, (Jauf’ +avf’) = 0, (2.50)
then by using lemma 2.4, we get
y(t)< y(0)e ot 4 2o (2.51)
ClO
next
_ 2C
i (w.v, p.q)[}, =[lauf + v +vf +[val < =2 (252)

10

So there exists R andt, =t,(€2)>0,such that

|(u.v. p.q)

3.Global Attractor.
3.1 The Existence and Uniqueness of Solution

Theorem3.1 Assume (H,), (H,), (Hs) hold, and(u,, vy, Py, G ) € E;, f, € Ho (Q), f,
e Hy(€2), hence, Equation (1.1)-(1.5)exists a unique smooth solution (u,v, p,q) e
L” ((0,+); E,).

Proof. By the Galerkin method, Lemma2.6, Lemma2.7, we can obtain the existence of
solutions. Next, we prove the uniqueness of solution in detail.

~[volf +Ival +Jauf +|avf <R 1>t (259

2
=]

u u _
Suppose @, = (vl] , @, :( 2Jare two solutions of the problems .
1

Vs

u
Letw :( j: o, — o, then we have,
v

U =M ([Vu ]+ V[ Auy + M [V, [ + [0 Au, = Bau, + g (uv) = 9, (45,v;) = O
Ve =M ([Vu]* + [Vl ) av, + M ([90, [+ [V [* ) Av, = B8, + 9, (u;,v) — g, (05.V,) =0
By usingu, to inner product of

U =M IV + 7 ) uy+ M (V[ + 9 ) Au, = B, + g, (u,v,) = 9, (45,v,) = 0
then, we have

1d 2 2 2 2 2
2ol + (M (vel + 17w -m (wuf wul)awe)
"‘ﬁnvut”2 +(gl(u1’vl)_ 9 (UZ’Vz)’ut) =0

Then, by using Lagrange’s mean value theorem, lemma2.5, lemma2.6, we have
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(M (VU P+ Vv, ) v, =M ([Vu ] + Ve[ Au, ut)

1 d
e e e V(W e o PR Y (Y Y P

1d 2 2 27 ”VU”2 d 2 2
> MVl + Vvl JIvul’ |- M (V0 + 9, )= o (7 ul+ 9] |
1dr 1 [vulf
> 29 T (jwu ol )ivolf |- ol e, —c, (vl ool
1d 1 [vulf u |
2291w (vu, <o il |-, o+ povr) - L
and
‘(gl(ul’vl)_gl(uz!Vz)’ut)‘:‘(gl(ulv\ﬁ)_g1(u1’V2)+gl(ul’vz)_gl(ubvz)’ut)‘
:‘(glu (gl’vl)(ul_u2)_glv(u2’§2)(vl_vz)’ut)‘ (3'2)

-1 2 -1 2
<l G« S I SA T

Next, we have

1d 1d
Sl 52| (nwznz + [V )l |

14/1171 2 Clsﬂl_l 2 (39
<(2-ap )l | S e e S pwuff + Sm e, o]
Similar obtain
1d 1d
S+ S| M [V, Vv, ) [
2 dt 2 dt
(3.4)

<(3-ap o S S o S v, ol

Adding (3.3) to (3.4), we have

1d 2 2y 1d 2 2 ) )
Ea(”ut” + v )+_E[M (||Vu2|| +[vv,| )(||Vu|| +|wy] )}
1
<[ 3-8 )l o198 ) o S S o @5)
-1 1
+[%+C16+ 1721 ]”VV” +( 1521 +C13]||VV” +( 1821 +Clej||vu”

-1 -1
Cud Cishy +C13},

14117 n 18}‘1_1_‘_(: ﬁ

2 2 16 2 +ClG+

There exist Cq = max i+c:13 -+
2 2 2

such that

www.idpublications.org]
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-1 -1
[& +C, *MJHWHZ +(i+ o MJHVVHZ
2 2 2 2

c: -1 (: -1
+(—2‘1 +c13j||v\/||2 +(—:1 +c16j||w||2 @9

< Coo (VU] + V") < CooM (Ve + 9 ) IVulf + )

and there exist

3
Czo = max{a_ﬂ‘lﬂ’cw}’ (3-7)
such that
%T(t) <2C, (1), (38)
where
e ()= u v+ M (V[ +[9 ) (vl + ov ). (3.9)
Therefore, we have
r(t) < r(O)e2C20t , (3.10)

where z(0) = u, ()" + [ () +M ([vu, Q) +[vv. (@) )([vu @) +[vv(0)ff | =0.
SO

Y Y (e i A (T S R (3.11)
Thus @, = @, proof finished.

3.2. The Global Attractor.
Theorem3.2 [6] Let E is a Banach space ,and {S(t)}(t >0)are the semigroup operator onE,

sinceS(t):E —E,S(t+s)=S(t)-S(s)(Vvt,s>0),S(0)=1, wherel is a unit operator, set
S(t)satisfies the follow conditions:
1).S(t)is uniformly bounded, namely VR >0, |u|_ <C(R), it exists a constantC(R) so that

|S(t)u|_ <C(R).Vte[0,0); (3.12)
2). It exists a bounded absorbing set B, = E, namely, B c E, it exists a constantt, ,so that
S(t)Bc By, (t2t,); (3.13)

where B, and B are bounded sets.
3). Whent >0, S (t)is a completely continuous operator. Therefore, the semigroup op- erator

S(t)exists a compact global attractor A .

Theorem3.3 [6] Under the assume of Lemma2.6, Lemma2.7, and Theorem3.1, equations
(1.1)-(1.5) have a global attractor

A=w(B,)=UJS(t)B,, (3.14)

o>0t>0

u

+|v

where B, ={(u,v, p.q)eE, :|(u,v, p,q)||E1 =] |, <R+ Rl} ., B,is the
bounded absorbing set of E,, and satisfies

1) S(t)A=A,t>0;

L, +lpl,

V,
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2) limdis(S(t)B,A)=0, where B = E, is a bounded set, and satisfies

tow

dis(S(t)B,A):s;l:E(iyrelz S(t)x—y El)—)O,t —> 0. (3.15)
Proof:
With the conditions of Theorem3.1, it exists the solution semigroup S(t), and X = E,
S(t): X > X.

(1) Form Lemmaz2.6 and Lemmaz2.7, we can obtain that VB — X is a bounded set that
in the ball {|lu,v, p,q||, <R} and

3 (t)(uor Ve pos o) =Iull, + Il +[p
<2R?+C,,  (t=0,(Uy, Vs, Pyi0y) € B)

which imply that S (t)(t > 0) is uniformly bounded in X .

2
V,

i+”%

+|vo

LtV el +lal, <[lu  +lal,

(2) Furthermore, for any (U, Vo, Py, Gy ) € E; , Wwhent > max (t,,t, ), we have

2
S () (uo-eor P @), =lul, +Ivl, +[plk, +1a
(3) Since E, — E, is the compact embedded, which means that the bounded set in E; is

, <2R7+2R?,  (3.16)

Is the compact set in E,, so the semigroup operator S (t)exists a compact global attractor A .
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