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ABSTRACT

We establish a uniqgue common fixed point theorem for two pair of weekly compatible maps
satisfying a contractive condition in a complete b, -metric space. When the following have
been proved, | recommend it to be published, which extends and generalizes some known
results in metric space to b, -metric space.
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1 Introduction

Fixed point theory has been studied by many authors for its useful function in a variety of
areas. In 1992, a polish mathematician, Banach, proved a theorem known as Banach
contraction principle [1]. This principle presents useful results in nonlinear analysis,
functional analysis and topology. The concept of weakly commuting has been introduced by
Sesssa S [2]. Years later, Gerald Jungck [3] introduced weakly compatible mappings ,which
are more generalized commuting mappings.

In this paper, we present fixed point results for two pair of mappings satisfying a contractive
type condition by using the concept of weakly compatible mappings in a complete
generalized metric space, which is called b, -metric space [5] and this space was generalized
from both 2-metric space [6-8] and b-metric space [9-10].

2 Preliminaries

The following definitions will be needed to present before giving our results.
Definition 2.1 [2] Let f and g be two self-mapsonaset X.Maps f and g are said

to be commuting if fgx=gfx forall xe X .

Definition 2.2 [4] Let f and g betwo self-mapsonaset X .If fx=gx, forsome x of
X, then x is called coincidence pointof f and g.

Definition 2.3 [4] Let f and g be two self-maps defined on aset X . Then f and ¢
are said to be weakly compatible if they commute at coincidence points. That is, if fx=gx
forsome xe X ,then fgx=gfx.

Lemma 2.4 [4] Let f and g be weakly compatible self mappings of a set X . If f
and g have a unique point of coincidence, that is, = fx=gx, then ® is the unique
common fixed pointof f and g.

Definition 25 [5] Let X be a nonempty set, s>1 be a real number and let
d: XxXxX —R beamap satisfying the following conditions:
1. For every pair of distinct points x,y e X , there exists a point ze X such that

d(x,y,z)#0.
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2. If at least two of three points x,y,z are the same, then d(x,y,z)=0,
3. The symmetry:
d(x,y,z)=d(x,z,y)=d(y,x,z) =d(y,z,x)=d(z,x,y)=d(z,x,y) forall
X, ¥,2e X.
1. The rectangle inequality:
d(x,y,z) <s[d(x,y,a)+d(y,z,a)+d(z,x,a)], forall x,y,z,ae X.

Then d is called a b, metric on X and (X,d) is called a b, metric space with
parameter s. Obviously, for s=1, b, metric reduces to 2-metric.

Definition 2.6 [5] Let {x,} be asequenceina b, metric space (X,d).
(1). Asequence {x,}is said to be b,-convergentto xe X, written as lim
aeX lim_ d(x,,x,a)=0.

(2). {x,} is Cauchy sequence if and only if d(x,,X,,a)—>0, when n,m—oo. for all
ae X,

(3). (X,d) is said to be -complete if every b,-Cauchy sequence is a b, -convergent
sequence.

x =X, if all

n—oo “'n

Definition 2.7 [5] Let (X,d) and (X',d') be two b,-metric spaces and let f:X — X'
be a mapping. Then f is said to be b,-continuous,at a point ze X if for a given £>0,
there exists o>0 such that xe X and d(z,x,a)<s for all aeX imply that
d'(fz, fx,a)<e. The mapping f is b,-continuous on X if it is b,-continuous at all
zeX.

Definition 2.8 [5] Let (X,d) and (X',d') be two b,-metric spaces. Then a mapping
f: X —> X" is b, -continuous at a point xe X' if and only if it is b, -sequentially
continuous at Xx; that is, whenever {x,} is b,-convergent to x, {fx,} is b,-convergent
to f(x).

Definition 2.9 [6-8] Let X be an nonempty set and let d: XxXxX —>R be a map
satisfying the following conditions:
1. For every pair of distinct points x,y e X , there exists a point ze X such that
d(x,y,z)=0.
2. If at least two of three points x,y,z are the same, then d(x,y,z)=0,
3. The symmetry:
d(x,y,2)=d(x,z,y)=d(y,x,z2)=d(y,z,x) =d(z,%x,y) =d(z,x,y) forall
X, ¥,2e X.
4. The rectangle inequality:
d(x,y,z) <d(x,y,a)+d(y,z,a)+d(z,x,a) forall x,y,z,ae X .
Then d iscalleda2metricon X and (X,d)is called a 2 metric space.

Definition 2.10 [9-10] Let X be a nonempty setands =1 be a given real number. A
function d : XxX —>R" is a b metric on X if for all x,y,ze X , the following

conditions hold:
2. d(x,y)=0ifandonlyif x=y.
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3. d(x,y)=d(y,x).
4. d(x,y)<s[d(x,y)+d(y,2)].
In this case, the pair (X,d) is called a b metric space.

3 Main results
Theorem 3.1. Let (X,d) be a complete b,-metric space, and P,Q,S,T:X — X are

four mappings, satisfying the following conditions:
@. T(X)cP(X)and S(X)<cQ(X);Both Pand Q are surjections.
(b). d(Sx,Ty,a)<c(A(x,y,a)).
Where  A(Xx,y,a)=max{d(Px,Qx,a),d(Px,Sx,a),d(Qx,Ty,a)} for all x,yeX and
1

0<c<-=.
S

(©) .(S,P) and (T,Q) are weakly compatible.
Then S,P,Qand T have a unique common fixed pointin X .
Proof In this part, we will show that limd(y,.,,y,,a)=0.

Let x, be an arbitrary point in X and construct two sequences {x.} and {y.} in
X such that
Yo = QX1 = SX
Yo == PX,. :-I:Xm—l
From (b), we have

A(Y, Your @) = A(SX,,TX,0,8) SCAX %i@)  (3.1)

n+1? n? *n+l1

where
A(Xqs X1, @)
=max{d (Px,, Qx,,;,a),d(Px,, Sx,,a),d(Qx,.;, TX,.;,8)}
= max{d(Tx, ,,Sx,,a),d(Tx,,, Sx,,a),d(Sx,,TX,,,;,a)}
= max{d(Tx,,Sx.,a),d(Sx,,Tx,,,;,a)}
= max{d (Y, 4, Y5, @),d(¥y, Yn1r @)}
Assume  A(X.,X,.,a)=d(y,,Y,,a) andfrom (3.1) we have ,
(Y Yna:8) <Cd(Vn, Yniai@)
which is impossible. Then we get A(Xx,,X,,.,8) =d(Y,,,Y,,a) also from (3.1) we get
d(Y, Yo @) <cd (Yo, Yo @) - (3.2)
This implies that the sequence {d(y,,Y,.,,a)}is decreasing and it must converge to r>0.

Therefore as n— o ,from (3.2) we get r <cr, this gives us that r=0, then the result is
obtained:

I I I’m(ynﬂ’ yn'a) =O . (33)
Then we show that d(y;,y;,Y,)=0

From part 2 of Definition 2.5, we have d(x,,X,,X,,)=0. Since {d(x,,X,,,a)} is

decreasing, we get d(x,, n+1’a):Ofrom the assumption that d(x,,,x,,a)= O then it is
easy to get
d(X,, X, .1, X,) =0, forall n+1>m. (3.4)
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For O<n+1<m,we get m—1>n+1 andthatis m—2>n, from (3.4)
d(Xm 19 X Xn+1) = d(xm 10 X ) 0, (3-5)

For (3.5) and trlangular inequality, we have

d(x ) <8 (X, X1 X 1) + 5 (Ko qs X Xia)

+d (X, Xys X g)
=5d (X X110 X 1) -
And since d(X,, X,,;, X,,1) =0, and from the inequality above,
A (Xog0 Xy %) < 8™ (X x,)=0, forall 0<n+1<m. (3.6)
Now for all i, j,k € N, now we consider the condition of j >i, from the above equation
d(X;_5, X, %) =d (X, X;4,%X;)=0 (3.7)

From (3.7) and triangular inequality, therefore

d (X, X, X;) < s[A (%, X, Xj4) +d (X, X4, %) +d (X, X4, %))

n? n+1’ m

n+1? n+l’ n

<A
<sI (%, X, %)
=0
In conclusion, the result below is gotten
d(xj,xk,xi):o,forall i,j,keN. (3.8)

Now we prove that {y,}is a Cauchy sequence.
Suppose to the contrary, that is, {y.,} is not a Cauchy sequence. Then there exists &>0
for which we can find two subsequences {n,}and {m.} suchthat i<m <n, and
d(Yp Yo @) =& and d(y,,Y, ) <& (3.9
From the part 4 of Definition 2.5 and (3.8), we get
AV Yo+ @) <S[A(Y, s V10 @) + A (Vg0 Yo 0 @) +A (Vi s Vi s Yima)]
<S[A(Yim,» Y20 @) +A (Vi 10 Vo O]
Taking i — o, from (3.3) and (3.9) we have

c<limi(y, ..y, .2) (3.10)
From (b), we get |
d(Yy s Vim0 @) =d(SX, , TX;, 14,8) SCA(X, s Vi 120 @) (3.11)
Since
limA(X, , X 11,8) = max{limd(Pxn_ , QX 11,@), liMd (Px,, , SX,, .4, @),

I I rd(QXm +1? m+l’a)
=max{limd(y, 4, Y ), limd(y, 4, ¥, ), limd (Y, .., Yn )}
- Llwrd (yni - ymi ! a)

And by (3.11) we have
imd (Y, Y0 8) <TiMe(d(Y, 1, Ve @) (312)

Again taking i — oo by (3.9) and (3.12) we get
—<I|mI(ym+l,yn,a)<Cg<§ (3.13)

S nN—o
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Which is a contraction. Therefore {y.} isa Cauchy sequencein X.
Since X is complete, there exists a point ze X suchthat n > o, {y }—>z.
Thus limSx, =1imQx.,, =z and limTx ,=1limPx ,=z.

n—oo

n—oo n—oo n—oo

That is limSx, =limQx,,, =limTx,,, =limPx,,=2z. From T(X)cP(X) and P is a

nN—o0

surjection, there exists a point uin X suchthat z=Pu, then from (b), we get

d(Su,z,a) <s[d(Su,Tx,,,,a)+d(TX,,;,z,a)+d(TX, ., Su, z)]
<s[cA(u, x,,,,8)+d(TX,,,,2,8)+d(TX,,,, Su,a)]
where
AU, X4, @) = max{d (Pu,Qx,,,a),d (Pu, Su,a),d (Qx,,, TX,,;,a)}

=max{d(z, Sx,,a),d(z,Su,a),d(Sx,,Tx, ,,a)}

We take n — oo, we get
A(u,x_,,a)=max{d(z,z,a),d(z,Su,a),d(z,z,a)}=d(z,Su,a)

Thereforeas n— o, d(Su,z,a)<sc(d(z,Su,a)).

n+1?

Assume there exists a e X such that d(Su,z,a) >0then we get lSC from the above
S

inequality, which is contraction with ¢ <1. Thus Su=z, furthermore Pu=Su=z.So P
S

and S have a coincidence point u in X . Since P and S are weakly compatible,
SPu=PSu thatis Sz=Pz.
From S(X)c< Q(X) and Q is a surjection, there exists a point v in X such that
z =Qv, then from (b), we get
d(l'v,z,a)SCﬁ(u,v,a)’
where
A(u,v,a) = max{d(Pu,Qv,a),d(Pu,Su,a),d(Qv,Tv,a)}
=max{d(z,z,a),d(z,z,a),d(z,Tv,a)}
=d(z,Tv,a)
Then
d(z,Tv,a)<cd(z,Tv,a)

Assume d(z,Tv,a)>0, then we have 1<c ,which is contraction with c<1<1.
S

Therefore Tv=Qv=z. So Q and T have a coincidence point v in X . Since Q and
T are weakly compatible, QTv=TQv thatis Qz=Tz.
Now we prove that z is a fixed point of S . By (b), we get
d(Sz,z,a)=d(Sz,Tv,a) <cA(z,v,a)
where
A(z,v,a) = max{d(Pz,Qv,a),d(Pz,Sz,a),d(Qv,Tv,a)}
=max{d(Sz,z,a),d(Sz,Sz,a),d(z,z,a)}
=d(Sz,z,a)
then we get
d(Sz,z,a)<cd(Sz,z,a)
Assume d(z,Tv,a) >0, we get 1<c, which is a contraction. Thus Sz=Pz=z.
Now we prove that zis a fixed point of T . Then from (b), we get
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d(Tz,z,a) =d(Sz,Tz,a) <cA(z,z,a)
where
A(z,z,a) =max{d(Pz,Qz,a),d(Pz,Sz,a),d(Qz,Tz,a)}
=max{d(Tz,z,a),d(Tz,Tz,a),d(z,z,a)}
=d(Tz,z,a)_
then we get
d(z,Tz,a)<cd(z,Tv,a) _
Assume d(z,Tz,a)>0, we have 1<c, which is a contraction. Thus Tz=Qz=z.
Sowe get z isacommon fixed point of P,Q,S,T . From (b), we get
d(z,w,a)=d(Sz,Tw,a) <cAd(z,w,a)
where
A(z,w,a) = max{d(Pz,Qw,a),d(Pz,Sz,a),d(Qw,Tw,a)}
=max{d(z,w,a),d(z,z,a),d(w,®,a)}
=d(z,w,a)
thus d(z,w,a)<cAd(z,w,a).
Suppose that d(z,w,a)>0, we get 1<c, which is a contraction. Thus z=w®, then
P,Q,S,T have a unique common fixed point ze X . O
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