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ABSTRACT

In this paper, we use a new method to generalize the conclusion in [Fixed Point Theory &
Applications, 2018, 2018(1):1] into the complex valued metric spaces. A class of 5-dimensional
functions ¢ was defined, and we get the conclusion that the family of maps satisfying ¢
contractions have a unique common fixed point in complex valued metric spaces by generalizing
Cauchy principle. The conclusion we obtained generalize many fixed point results in complex
valued metric spaces.
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I Introduction

The fixed point theory has been developed and applicated in many areas since the principle of
Banach contraction was introduced in 1922.[1] In recent years, the fixed point theory has been
generalized and improved mostly in the 2 aspects, one is the concept of metric spaces, such as the
2-metric spaces which has 3 variable,[2] and the b-metric spaces which has the parameter ‘s’ in the
rectangle inequality. The other is the improvement of maps, the most classical one is the ¢—
contraction. Meanwhile, some scholars introduced the concept of quasi-contraction, expansive
maps. All these generalization has developed the fixed point theory deeply.

Recently, the author in [3] built the conception of complex valued metric spaces by defined an
partially ordered relation in the set of complex number. This space obviously generalized the
classical metric spaces. And they got the fixed point theorem for maps satisfying a kind of
contraction condition by constructing sequences. Then, the paper [4][5][6] generalized the
conclusion of [3].

The aim of this paper is to introduce a contractive function, and generalize the conclusion of [7]
into complex valued metric spaces, and get some useful corollaries. Meanwhile, a new class of
5-dimensional function ¢ was defined to prove a family of maps under this function has an unique
common fixed point. The conclusion we get generalize many results in the complex valued metric
spaces.

Let £ be the set of complex number, z,z, €£ . The partially ordered relation is defined as:
z," 2, < (Re(z)) £Re(z,)) A (Im(z,) < Im(z,)).

Which means when one of the following conditions hold, z,~ z,:
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(Cl) Re(zl) = Re(zz) A Im(zl) = |m(22); (Cz) Re(zl) < Re(zz) N Im(zl) = |m(22);

(C,) Re(z,) =Re(z,) AIm(z)) < Im(z,); (C,) Re(z,) <Re(z,) A Im(z,) < Im(z,).
Especially, when z, # z,, and one of (C,), (C,),(C,) holds, we mark z, z z,; if (C,) , thenz, < z,.

Obviously, we have the following conclusion:

(i)if a,b>0and a<b,thenforeachze£ and 0" z,az" bz,
(ii)if 0" 7,7 z,, then |z|<|z,|:

@)if z,° z,,z,<z;, then z, <z,;

Definition 1.1 Let X be a nonempty set. If mapd : X x X — £ satisfying the condition:
(i)Forallx,ye X,0" d(x,y)andd(x,y)=0ifand only if x=y;

(i) Forall x,yeX,d(x,y)=d(y,x);

(ii)Forall x,y,ze X,d(x,y) " d(x,z)+d(y,z);

Thend is called a complex valued metric on X, and (X,d)is called a complex valued metric
space.
Example 1.1 Let X = £ , we defined : X x X — £ as:

d(z,2,)=€%|z,—z,|, forallz,z, e X
and ke; ,then (X,d) isacomplex valued metric space.
Example 1.2 Let X={a,b,c}. Defined d:X xX —£ as:

d(a,a)=d(b,b)=d(c,c) =0, d(a,b)=d(b,a)=2+3i,
d(a,c)=d(c,a)=3+4i, d(b,c)=d(c,b)=4+5i.
Obviously, (X,d) isacomplex valued metric spaces.

Definition 1.2%1 Let (X,d) be a complex valued metric space and let{x }be a sequence
in X.

(i) If for every ce£ withO<c,there is n, € ¥ such that for all n>n,, d(x,,x)<c,then
{x.,} is said to be convergent, {x,} converges to xe X and Xis the limit point of {x }. We

denote thisby x, - x(n—>)or lim __ x, =X.

n—oo “'n

(if) If for every cef£ with O<c, there is n,€¥ such that for all m>n>n,,

d(x,,x,) <c,then{x,}is said to be Cauchy sequence.

(iii) If every Cauchy sequence in X is convergent, then X is said to be a complex valued
metric space.
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Definition 1.3 Let (X, d) be a complex valued metric space, map T:X — X

{X,TX,T?X,...}is said to be the orbit of T in x, {X,TX,T?X,...y,Ty,T?y,...}is said to be the
orbitof Tin(x,y).

Throughout this paper, we define D, (x,x) and D;(X,y) by:
D; (x,x) =sup{ld(u,v)|:u,ve{x,Tx,..}}
D; (x,y) =sup{ld(u,v)|:u,ve{x,Tx,...y, Ty,...}}

forany X,y e X .Thatis, D;(X,X)is the diameter of the orbit {x,Tx,T?x,..} of X.

Remark 1: This definition is a generalization of metric space [1] into complex valued metric
space.

Definition 1.4 Let map ¢:[0,+00) —[0,+x), where ¢ is continuous and for every
t>0, p(t) <t holds. Meanwhile, for each £>0, thereis & >0, such thatwhen e<t<e+5,
p(t)<e.

Without loss of generality, let ¢(0) =0.

Definition 1.5  Defined C,={a-+bi|a>0,b>0}
And a nonempty  is composed of function ¢ ,in which ¢:(C,)° —C, , and:

(i) ¢ is continuous about every variable of C> and monotonically increasing for the fourth

and fifth variables.

(i) Thereisk e £, k| <1,if ¥y~ ¢(X, X, y,X+y,y)ory” (X, y,X,Xx+Yy,y), theny” kx.
The example of ¢ ey are as follows:

Example 1.3  Defined the function: ¢:(C,)° —C,
¢('[1,'[2 'ts!t4't5) = k1t1 + kztz + k3t3 + k4t4 + ksts

5
inwhich k e ,i=1.5,and » k <1-k,, let k=max{ k +k, +k, ’ k +k; +k, Y then
= 1-k,—k, —k.'1—k, —k, —k;

¢,k satisfy the definition 1.5, therefore ¢ey .
Lemma 1.1 Let (X, d)be a complex valued metric space. Letd =d, +id, which
means:

d, =Re(d),d, =Im(d),d,,d, : X x X — | , then we have the following conclusions:
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(i)|d|=(d? +d7)"*: X xX — isametricon X .

d el
(if) Let{x,} beasequenceon X ,h xe X, x,—>X holds if and only if x, > Xx.

(iii) (X,d)is complete if and only if (X,|d|)is complete.
The following two lemmas are the specific expression of lemma 1.1

Lemma 1.2 Let{x }be a sequence in the complex valued metric space (X, d), {x.} is
a Cauchy sequence equivalent to|d (x,, X, )| =0 (n —o0,m>n).

Lemma 1.3 Let{x }be a sequence in the complex valued metric space (X, d),if {x }is

convergent, then the limit point is unique.

The following lemma is easy but very useful in the research of fixed point theory.

Lemma 1.4 (Cauchy Principle) Let{x, }be a sequence in the complex valued metric space

(X, d), ifthereis 0<h<1 suchthat d(x,,,X,)" hd(x,,x,,) (forall ne¥ )then{x }isa

Cauchy sequence.

Il p— Contractive Maps

Theorem 1 Let(X, d)beacomplex valued metric space, forall xe X, D; (X,X) <+o. Let

map: T:X — X, if |[d(Tx,Ty)|<¢(D; (x,y)), where ¢ satisfying definition 1.4, then T has

a unique common fixed pointin X.
Proof:
Firstly, we prove the existence of fixed point.
Let x, € X. We can construct the sequence{xn} by x,,=Tx,, n=012,... Foreach m>n,
We let:

D, = D; (X,,X,) =sup{| d (U, V) |:u,v e{X,, Xyr1s--1 Xoys Xprazs -1} @

From (1) we can easily get:

Dn:DT(Xn'Xm):DT(Xn’Xn) (2)
Since {X,.1: X,y <{X,, X,.1,---}, the sequence{D, } is non-increasing.

Meanwhile, from (1), we can get D, = D; (x,,%,) =>0. Hence, lim_ ,_ D,=¢&2>0.

n—owo n
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If lim,_ D,=&>0, for everyO<e <¢g, there is S=g—¢& +1>0, from the property of
limitation, we can get:

Thereis n,e¥, when n>n,, ¢ <D, <& +5, thatis:

& <Dy (X, X,) <& +6 ®)

Then we can get:

o(Dr (X, X)) <&
(4)

Hence, for each m > n > n,, we have:

|d (Xn+1' Xm+1)| = |d (Txm 'Txn)| = (D(DT (Xn ' Xm)) = gl (5)
Since & is arbitrary and from lemma 2, we can get: {x_}is a Cauchy sequence in X .
Hence, forevery m>n, lim__d(x,,x,)=0.

Therefore, lim D, =lim_ __sup{|d(u,v)|:u,ve{x,, X, .,--}}=0<e& ,which is a

contradiction.

Then, we have lim D, =0.

n

From lim D, =0, we know that:

Foreverye >0, thereisn, e ¥, whenn>n,, D, =D, (x ,X,)<& .Hence, we can get:
|d (Xn+1’ Xm+1)| = |d (Txn ’TXm)| < (D(DT (Xn ' Xm)) < DT (Xn ' Xm) = Dn < 8" (6)

Since ¢ is arbitrary and from lemma 2, we can get: {x_}is a Cauchy sequence in X .
Since (X, d)is complete, we have:
lim, _, x, =zeX.

From the proof above, we have the following conclusion:

Lety, =T"z, forallne¥ ,we have:
lim, . D, (T"2,T"z)=0.
Then |d (Xn+1' yn+1)| = |d (TXn 'Tyn)| = (p(DT (Xn 1 yn )) '

Since Dy (X,, ¥, ) is non-increasing, we can easily get lim,__,, |d(X,.;,Y,.,)| = 0holds through the
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X =z . Hence, we can know that: lim

n—oo “'n n—oo yn =

proof above. Meanwhile, we have lim z.

ldl
By definition 1.1 and lemma 1.1, where {T"z}— z, then we have:

lim, D, (T"%,,T"z)=0,D; (Tz,Tz) =D, (z,2). )

In fact, for each x, y € X, we can provelim,__ D, (T"X,T"y) =0 holds through the proof above.
Next, we will prove D, (Tz,Tz) =D, (z,z) =0.
If D;(Tz,Tz)=D;(z,z)=¢>0,andlim D, (T"z,T"z)=0holds, we can lei:

£=D.(2,2)=D; (T2,Tz) =...= D, (T"2,T"2) > D, (T""z,T"*"2)
Since D, (T"™z,T"™z) =D, (T""z,T""z), we can get:

D, (T™z,T"z) =sup{|d(T™z,T"z),n>n,} (8)

However, d(T™z,T"z)<o(D; (T" "2, T""2))=p(D, (T2, T*"2)) = (&) <& .

Since n is arbitrary, we can get: £=D, (T™z,T™z) <¢(¢) <& ,which is a contraction.
Hence, we can get:
D (z2)®; T2z 9 ©)

Thatis: z=Tz, which means z isthe fixed pointofmap T .
Secondly, we will prove the fixed point we get is unique.

If there is u e X, such that Tu =u holds. We have:
|d(u,2)| =|d(T™"u,T""2)| < (D (T"u,T"2)) < D; (T"u,T"2) (10)
Letn — oo, we can get:
|d(u,2)|<0, thatis |d(u,z)|=0.Then u=z is the unique fixed point for mapsT .
From theoreml and definition 1.4, we can give the linear contraction fixed point theorem:

Corollary 1 Let(X, d)beacomplex valued metric space, for every x e X, D; (X, X) < +o0. Let

T:X > X, if[d(Tx,Ty)|<h:|D; (x,y)|,h€[0,1), then the map T has a unique fixed point in

X.

Proof: Let ¢(t)=h-t, then we should prove ¢(t)=h-t satisfying the definition 1.4.
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s@-h)

Foreach& >0, thereis &= >0, when e<t<e+9d, @t)=h-t<h(e+0J)=¢&.Then,

we can easily check ¢(t) =h-t satisfying the definition 1.4, and corollary 1 satisfying the
condition of theorem 1. Obviously, the corollary 1 holds.

In order to partly generalize the theorem 1 into the family of maps, we research a similar control

function ¢ as we defined in definition 1.5, the results we obtained are as follows.

Il ¢ — Contractive Self-Maps

In order to construct the fixed point theorem under this condition, firstly, we generalize the
Cauchy principle in lemma 1.4 into a more normal condition.

Theorem 2 Let(X,d)be a complex valued metric space,{x,} is a sequence on X , if there is

he£,|h<1 such that d(x,,x,,,)" h-d(x,_,,x,), for all ne¥ , then {x}is a Cauchy

sequence
onX.
Remark 2: Compared with lemma 1.4, we generalize the range of h into complex numbers.
Proof: From the condition, we know:
1d (X, %) <[D1d (X, 0 %) < <[ d (%, %,)], forall ne¥

Therefore:
| (%0 % )| [ (X0 X 0) + (X X 2) + o G Xy X))
<Id (X, s X)) ] Kgags X2 )| o |0 Xt X))
o ([ T A 1 s 1 TE A

Let n— oo, we can get:

"™
mn—>m|d(xn7 m)|—“mn—>w |h||d(xl X )|
From lemma 2, we know that{x,} is a Cauchy sequence on X .
Remark 3: ifz" k-z (k,ze£) and |k|<1 then |z|s|kz|=|k||z|£|k|2|z|£...£|k|"|z| . let
n— oo we can get: |z|=0,which means: z=0holds.

Theorem 3 Let(X,d)be a complex valued metric space, {T.},is a self-map on X . Let

nonnegative integer sequence {m}", and ¢y, such that for every i, j,i= j and every

X, ¥ € X ,the following condition holds:
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AT XTY)" 4d(x ). dCTX),d (YT Y).d (T y), d (1, T)

Then, the self-map{T. };-, has a unique common fixed pointon X .

Proof: let g, =T.™,i=12,.....forevery i,j,i= j,thereis:
d(9;(x),9;(¥)) " #(d(x,y),d(x,9;(x)),d(y,g;(y)).d(x,9;(y)). d(y. g;(x)). (11)
For each X, € X, defined sequence{x,} as follows:

Xn = gn(xnfl)a n :1, 2,
Then, the (11) turn to:

d (Xn ' Xn+1) = d (gn (Xn—l)’ gn+1(Xn )) i
¢(d (Xn—l’ Xn)’ d (Xn—l’ gn (Xn—l))v d (Xn ’ gn+1(xn ))’ d (Xn—l’ gn+1(X" ))’ d (Xn ! g” (Xn_l)))'

Calculate and simplify:
d(X,, X)) " A (X, 1, X,),d (X, 1, X, ), d (X, X1 ), A (X, 1, X,11),0), (12)
From the rectangle inequality, we can get:
d(X, 1 X)) " A (X, X)) +d (X, X, 11)s (13)
Since ¢ is increasing for its fourth and fifth variables, the following condition holds:
d(X,, X)) " @A (X, 4, X, ) A (X1 %, ) (X Xohg ), A (X0 X, ) A (X X g), (X, Xoha))s (14)
From the property of ¢ , we can get:

d (Xn ' Xn+1) " k-d (Xn—l' Xn)

From lemma 1.4 and theorem2(Cauchy principle), we can get: {x, }is a Cauchy sequence on
X .Since X is complete, we know:

lim X =zeX

n—oo “'n

For every m € ¥ ,consider the following condition:
d (Xn+1’ gm (Z)) :d (gn+l(xn)l gm (Z)) ) ¢(d (Xn ' Z)! d (Z! gm (Z))v d (Xn ’ Xn+1)' d (Z' Xn+1)’ d (Xn ' gm (Z)))

Let n— oo ,we can get:

d(2,9,(2)) =8(9,.1(x,), 9, (2)) " #(0,d(z,9,,(2)),0,0,d(z,9,,(2))) , (15)
Lety=d(z,g,(z)), x=0, from the property of ¢, we can get:

y" kx=0.Meanwhile,0" y=d(z,9,(2)).
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Hence, d(z,g,,(z)) =0forevery me¥ ,thatis z=g,(z),m=12,...
Therefore, z is a common fixed point for self-map {g,}._,
Suppose that there is v e X, such thatv =g, (v), forall me¥ , consider the following condition:

d(z,v)=d(9;z,g,v)" #(d(z,v),d(z,v),d(z,v),d(z,v),d(z,v)), (16)
We can letx =y =d(z,V), since ¢ is increasing for the fourth variable, we know that:

d(z,v)" ¢(d(z,v),d(z,v),d(z,v),d(z,v)+d(z,v),d(z,V)) 7)
Therefore, d(z,v) " k-d(z,v),k € £ ,|k|<1,from remark 3, we can get: d(z,v)=0.

Hence, zis the unique common fixed point for self-map g, ='I'imi =12, ...... .
However, for eachi € ¥ ,the following holds:

T2=Tgz=TT"2=T"Tz (18)

From this, we can seeT,zis the common fixed point for self-map {T.™}",, since zis the unique
common fixed point, we can get:

Tz=12,i=12,... (19)

Then, zis the common fixed point for self-map{T.},, if there is u e X, such that u=Tu, for
every ie¥ ,putitinto the contractive condition and simplify, from the property of ¢ , we can get:
d(z,u)” k-d(z,u),ke£,|k|<1

Hence, we can easily check: d(z,u)=0, which means z is the unique common fixed point for

self-map{T, }, .

Remark 4: We can’t get the conclusion: ¢(0,0,0,0,0) = 0 by definition 1.4

From theorem 3 and examplel.3, we can get the following linear contractive fixed point theorem:

Corollary 2 Let(X,d)be a complex valued metric space, and T : X — X is a self-map on X.

5
For k;,i=1..5,and Zki <1-Kk, ,the following condition holds:

i=1
d(™x,Ty) " kd(x,y)+Kk,d(x,Tx) +k,d(y,Ty) +k,d (X, Ty) + kd (y,Tx)

Then T has a unique fixed pointon X .

Proof: From theorem 3 and example 1.3 we can easily check.
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Now, we will give an example of the theorem we proved, in order to calculate more convenient,
we only give the example of corollary 2.

Example 3.1 Considering the complex metric space in example 1.2, and defined: T:X — X,

suchthat: Ta=Tc=a,Tb=c. Let k =0.3,k; =0.65k, =k, =k, =0, then:
k, +k, +Kk; + 2k, +k, =0.95<1, and:

d(Ta,Th) =d(a,c) =3+ 4i~ 0.3x(2+3i)+0.65x (4 +5i) =3.2 + 4.15i;
d(Th,Tc)=d(a,c) =3+4i" 0.3x(4+5i)+0.65x (3+4i) = 3.15+ 4.1i;

Therefore, the self-map T satisfying the contractive condition, from theorem 3 and corollary 2, we
know that map T has the unique fixed point a.

IV Conclusion

In this paper, we generalize the main results in [] into complex valued metric space and get some
useful corollary. Meanwhile, we defined a new control function and give a new contractive
condition. Through generalizing the Cauchy principle in complex valued metric space, we prove
the self-maps satisfying the contractions we defined has a unique common fixed point, the results
we obtained generalize many conclusion in the complex valued metric space.
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