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Abstract: In this paper, we first investigate two pairs of mutually unbiased maximally entangled

bases in bipartite systems C’®C’. According to the mutually unbiased property of maximally

entangled bases, we simplify the mutually unbiased problem to the choice of the unitary

transformation matrix in C® and there are many unitary matrixes to be selected. Then we present

more pairs maximally entangled bases inC* ® C**  from that of C*®C>.
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1. Introduction
Mutually unbiased bases play central roles in quantum kinematics [1], quantum state
tomography [2-3] and in quantifying wave-particle duality in multipath interferometers [4]. Two

orthonormal bases B, = {| é >}id:1 andB, = {|¢//J. >}d of C* are said to be mutually unbiased [5] if

\(ﬂ\w,—)\=%, ij=12..d

We also call that B, = {| é >}d . andB, = {|¢//J. >}d are mutually unbiased bases(MUBs). Ever since the
i= j=1

introduction of MUBs, considerable theoretical results with useful applications have been obtained.

One main concern is about the maximal number of MUBs for given dimension d. It has been shown

that the maximum number N (d ) of MUBs in C® is no more thand +1[3]and N (d ) =d +1ifd

is a prime power. While d is a composite number, N (d ) is still unknown.

In a bipartite system C’®CYof composite dimension dd', there are different kinds of

bases according to the entanglement of basis vectors such as product basis (PB) [6], unextendible
product basis (UPB) [7], unextendible maximally entanged basis (UMEB) [8-12], maximally
entangled basis (MEB) [13-19], entangled basis with Schmidt number k(EBk) [20-21].

In 2015, Tao et al. [13] studied mutually unbiased maximally entangled bases (MUMEBs) in

C" ® C"(k € Z") and established five MUMEBs in C?* ® C* and three MUMEBs in C* ® C®.
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Zhang et al.[14] discussed the condition of two mutually unbiased maximally entangled bases and

used special transforming unitary matrices of the bases in C* to construct five MUMEBs in
c’®cC’.

Zhang et al. [15] constructed MUMEBs in  C° ® Czld'(d '=kd,k,l € Z") from MUMEBs
in C'®C%(d'=kd,keZ") . In 2016, Nan etal. [16] presented a systematic way of
constructing MUMERBES in bipartite system Cc'® Cdk . Luo et. Al .[17] constructed a new MEB in
C'®C"(keZ") different from that in [13], then generalized MEBs into arbitrary bipartite
systems C* ®C? and discussed mutually unbiased property of two kinds MEBs. In 2017, Liu et
al. [18] investigated d —1MUMEBsin C® ® C?(d >3) by using any commutative ring R with
d elements and generic character of ( R, +). In 2018, Xu [19] constructed Z(d —l) MUMEBSs in
Cc’®C’(d >3).

A pure state |l//> issaidtobea d ®d'(d <d’) maximally entangled state if and only if for

an arbitrary given orthonormal complete basis {| i A>} of subsystem A, there exists an orthonormal

d-1
basis {| Iy >} of subsystem B such that | l//> can be written as | l//> = Z| iA> ®| iB> . A set of states
i—0

{|g0,> eC'®C":i=12,...,dd '} is said to be an maximally entangled basis (MEB) in
C'®C" if and only if (i) each |@)(i=12..,dd") is maximally entangled; (ii)
(a|w;)=5;i j=12..,dd"

In this paper, we first analyze MUMEBs in C*® C® constructed in[15], then transfer the
construction of MUMEB in C*® C® to the choice of transforming unitary matrices of the bases

in C®. Using the same method, we present more pairs of MUMEBs in C°® ® C* from that in

c*®C.
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2. Transformation matrix A in C®for constructing MUMEBs in C°’® C®
In this section, we discuss the construction of MUMEBs in C* ® C®. Zhang et.al [15].

have established a pair of MUMEBs in C*®C® as follows:

2

Set {| p>}i70 be the computational basis in C® and {‘gj '>} . be another orthonormal
- j=

basisin C® satisfying that

()le ) le D)= Ao, [1).[27), ®
271 11 1
e ® and 1 2
Where A=—|1 o o
B3 1 & o
Let
1 : .
)= (00 1)+ 221).
1 ; ; :
vo) = (10 )+ e ) +[2)]e ). 2
then the pair of MUMEBS{ (prso% } nd {(pnm>} in C*®® C®constructed in [15] are as follows:
%) =(U,n ®1,)| ), nm=012, 3)
PO =(U,n ® )W), nm=012, (4)
where @, is modulus 3 addition and
2
n=2.0"|p®;m)(p|, n,m=0,12. (5)

p=0

Obviously, we can describe the second MEB{ (pr(]lr)n >} in (4) as follows:

o) =(Un ®A)|5),  nmM=0,12. (6)

Then there arose a question: are there any other unitary matrices like A, in (6) to construct new

(0)

MEB mutually unbiased to { (N m>} ? To answer this question, we first assume that

&) =(U,n®A) 1),  nm=0,12 (7)

(2

Note that { (Pn,m>} are mutually unbiased if and only if

o)} and |
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(0)

K(p“ ) [ o

(pnm> n,n','mm'=0,1,2. (8)

Denote A= (ai'j ) , then

(0 |0)

= ‘</u0 |U:,mUn,m ® A|:u0>‘

- (o0l 22 S )o@ mS 0 o, m) (2D 00) 1) 2

where n',n,m''m=0,1,2. According to the valuesof N', N, M'andM , then the condition (8)
can be summarized as follows:

|a11 tay Tt a33| + ‘ail Tayot assa)z‘ = ‘au +8,,0° + assa)‘ =1,

|a12 Tyt a31| + ‘a12 +tauo+ asla)z‘ = ‘a12 +8y500° + a31a" =1, 10)

2 2
|a13 Tay+ a32|+‘a13 + a0+ 85,0 ‘ = ‘a13 tayo + asza)‘ =1

That is to say, the two MEBs {

(prEO%>} and {‘ (pr(]z% >} in C*®C® are mutually unbiased if and

only if (10) hold. thus we transfer the problem of construction of MUMEBs in C*®C? to the
construction of unitary matrix A satisfying (10). It is easy to verify that the following three unitary

matrices A A, and A,, different from A, , satisfy the conditions of (10).

. 1 1 1 L 1 1 1 L o 1 1
A=—lo o 1| A="F%d o 1| A=—F<lo o o),
3 V3| V3 2

o 1 o 1 o 0w o o

Then using unitary matrices A A, and A;, we construct the following three more MEBs

(pgogn)} in C*®C?:

mutually unbiased to {

o) =(U,n ®A)| 1),  nm=012 (11)
o) =(U,n ®A)|1),  nmM=012 (12)
o) =(U,n ®A) 1), nm=0,12 (13)
In short,{ (pr(]lr)n>} and { §0r50%>} { (/)r(12r31>} and { (pr(]or31>} , { (pr(13%>} and { g0r50%>} { (pr(]331>}

and {

(pr(]o% >} are three pairs of MUMEBS in C*®C:.
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2. Transformation in C* for constructing MUMEBs in C°® C"”
o)} and {

presented a pair of MUMEBs in C* ® C™ as follows:

Based on one pair of MUMEBs{

(pr(]12n>} in C*®C®, Zhang[15]have

Let {|0'>,|1'>,...,|11'>} and {|V0 '>,|V1'>,...,|V11'>} be two orthonormal bases in C*2,
and
(Vo 0o [Vi )ovom Vs D) =Too (07, |1 [12), (14)

where

Too =

AAh A A
A A A A (15)
A A A A

A A A A

Then the two MUMEBs C® ® C* are constructed in [15] as follows:

2
—Z "lp@m)®|@Bl+p)), nm=012 1=0123, (16)
p=0

o= 75

2
Vo) = 3Zco”"l|o®m>®Too|(3l+p)> nm=012 1=0123 (7)
po

Obviously we can describe To,o as follows,

Too =B, ®B, ®A, (18)

B 1(1 1
where © ﬁ 1 -1/)
Then there arose a question: are there any other unitary matrices like To,o in (18) to construct

new MEBsin C®®C" mutually unbiased to {

¢r'1'm >} ? To answer this question, we first

assume that

2
m) = LZ o [pOm)®T, |31+ p)), n,m=012 1=0123, (19)
p=0

7
#0)} and |

(#h

w

Note that {

g:r:m>} are mutually unbiased if and only if

&) =%, nn,mm'=012 1,1'=01,23, (20)

1
6
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Denote T, =B, ®B, ®A , where A =(agh )M is 3x3 matrix, B :(bij )M is a2x2

matrix, then

biA  bib,A  bib,A  BRA
-l-S = bllelA b11b22 A bleZlA bleZZA ] (21)
Y bllelA b12 b21 A bllb22 A b12b22 A
b221 b21b22 A b21b22 A b222

Since

(CHE

v )| =

Za) (p@m|{(31+p)' |Zw”q|q®m> T |@+a)),  (22)

q=0

wheren,n’,m,m'=0,1,2; |,1'=0,1,2,3. According the values of Nn,n",mand M', we can
summarize the mutually unbiased condition (20) as follows:
‘ Lo ‘|all+a22+a33 ‘bl IR Hall—i_a 20)+3.36() ‘_‘blj i Ha11+a22a) +a‘33a)‘

‘ (¥} |1Ha12+a23+a31|_‘ (9] |1Ha12+a23a)+a31w ‘_‘blj |1Ha12+a23a) +a31a)‘ (23)

‘bl,jbl',j"|a13+a21+a32|:‘ i |1Ha13+a1w+a32a) ‘_‘blj |1Ha13+a1w +832a)‘

wherel, J,i', J'=1,2.

Obviously, if[0,,| = |by,| = |b,| = |b,,| = \/E then (23) become (10), i.e., we can choose all the

¢,'Lm>} and |

mutually unbiased if and only if (23) and (10) hold. Thus we transfer the problem of construction

matrices A satisfy (10). That is to say, the two MEBs {

§Am>} in C°®CY are

of MUMEBs inC* ® C*? to the construction of unitary matrix B satisfying (23) . We can easily

find that the following unitary matrices B;, B, and B, different from B, satisfying

S L L TN

Moreover, A, can be replaced by A, A,and A; in (14), so we can construct the following 12

unitary matrices T, = B, ® B, ® A, 50 as to construct 12 MEBs that are mutually unbiased to

()
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T, =B, ®B,®A,
T2 =B ®B, A,
Tos =B, ®B, ® A,
T,,=B,®B,®A,
T,,=B,®B,®A,,
T,,=B,®B,®A,,

T,=B,®B ®A,

T,,=B®B ®A,
T,;=B ®B ®A,
T,,=B,®B,®A,
T,,=B,®B,®A,,
T,; =B, ®B,®A,,

3. Another transformation matrix in C* for constructing MUMEBs in C®® C*

Besides the above 12 forms, T, can choose other structure. Assume that T, =C, ® A in

(21), obviously, we can choose C, = B, ® B, ; where k =0,1,2,3. Now we try to find other

forms of C,, where C, # B, ® B, . Then there arose a question: are there other unitary matrices

like To,o in (15) to construct new MEB mutually unbiased to {

we first assume that

Note that { :

¢ﬂm>} and {

yr:m> -

| 1
(A 5

H n1n"m1m':0’112;

¢| >} ? To answer this question,

n,m

2
7$,m>=i2w“p|p®m>®Tk‘t|(3|+p)'>, nm=012; 1=0,123, (24)
\/gp:O

7/n,m>} are mutually unbiased if and only if

1,1'=0,1,2,3. (25)

Denote T, =C, ® A, where A = (agh )3 ,183x3 matrix, C, = (Cij )4 ,is a4x 4 matrix,

which can not be divide into By ® B, then

C11'A& ClZ A C13'A\

Tk = CZlA CZZA C23A
Y C31A C32 A C33A
C41 A C42 A C43 A

then (28) means that

(|72 )] = Zw

where n,n',m,m'=0,1,2;

(p@m|((@3l+p)’ |Zw”q|q®m> T |BI+a)Y],

Cu A
CoA
C3u A
CuA

(26)

(27)

I,1'=0,1,2,3. According the values of N,N,Mand M', we can

summarize the mutually unbiased condition (28) as follows:
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1
2 2
‘Ci,jHall +ay +aas| = ‘Ci,jHall Tay0+ 850 ‘: ‘Ci,jHall Tay0 +a,33a)‘ -5

‘Ci,j Ha12 + 8y + 8| = ‘Ci,jHalz + a23a)+a31a)2‘ = ‘Ci,jHalz +8,50° +a31a)‘ :%' (28)

1
2 2
‘Ci,jHals +a21+a32| :‘Ci,jHa'13+a21w+a32a) ‘:‘Ci,jHaﬁ +ta,0 +a32a)‘:§,

Thus, we can summarize the mutually unbiased condition (25) to the choice of the unitary matrices

A which satisfy condition (10) and the unitary matrices C, that satisfy the following condition:

\cij\:%. i,j=1234. (29)

¢,'Lm>} and |

only if (29)and (10) hold. Thus we transfer the problem of construction of MUMEBs in C* ® C*

That is to say, the two MEBs {

]/r']'m>} in C°®C" are mutually unbiased if and

to the construction of unitary matrix C, satisfying (29). It is easy to find the following unitary

matrices C, satisfying (29):

1 1 1 1 i -1 i 1 -1 -1 -1 -1 i - -1
(T I T I T Y s I Y A A [ 1/-1 i i 1
3BT S TR LY B R [ LY (N S T 1 Y I T

1 -1 -1 1 i1 1 -1 -1 -1 - i -1 1 -1 -i

i1 1 -1 -1 1 1 1 1 1 1 1 1 1 1 1
11 i -1 i 111 1 1 - 11 1 -1 -1} 111 1 -1 -1
2i -1 i 1| 2|- -1 i -1 2|1 -1 -1 1| 2| i i -if

1 —i -1 —i 1 - -1 i 1 -1 1 -1 [ IR B

Furthermore, A can be Ay, A, A, and A,, so we can construct the following 24 unitary

B}

T.=C®A, t=0123 k=01..8 (30)

matrices Tk’t to construct 24 MEBs that are mutually unbiased to {

4. Conclusion

In this paper, we first analyzed MUMEBsS in C*®C? constructed in [15], then transfer the
construction of MUMEB in C*® C? to the choice of transforming unitary matrices of the bases
in C*. Thus we have two unitary matrices to construct MUMEBs in C*® ® C®. we first divide
the C* into C*® C®®C?, and we discuss the unitary matrices of C? on the base of the
unitary matrices of C* to construct the MUMEBs in C*> ® C*. Then we present more pairs of
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MUMEBs in C*® C" according to the choice of transforming unitary matrices TS’t . Using
the same method, we divide the C* into C* ® C?, and we discuss the unitary matrices T of

the bases in C' on the base of the unitary matrices of C*. So we get more pairs MUMEBs in

C*®C"” from C*®C3.
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