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ABSTRACT

Based on the standard form of generalized Schmidt decomposition of three qubit
pure states, we discuss the super-additive relation, sub-additive relation, monogamy
relation and other trade-off relations of quantum coherence measure. We first present

correct proofs of super-additive relation and strong super-additive relation of |, horm
coherence, then prove two sub-additive relations of |, horm coherence. We also

present the conditions of the monogamy relations about |, horm coherence and the

square of |, norm coherence separately, and finally establish their corresponding trade-

off relations respectively.

norm

Keywords: Generalized Schmidt decomposition; |, horm coherence; |,
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I. Introduction

Generalized Schmidt decomposition aroused since there is no Schmidt decomposition
for a general pure state of | partite quantum system. Aiming to reduce the number and
the phase factor of coefficients that affect the state, A. Acin [1] proposed the concept
of generalized Schmidt decomposition. He found that any three qubit pure state can be
represented by one of the following three bases:

{000),/001),|010),[100),[112)}; {000),|001),[110),|100),[122)}; {000),[200),[110),[101),[122)}

Later, Carteret et al. [2] extended the above conclusion to multipartite quantum states.

F. Liu et al. [3-4] first applied generalized Schmidt decomposition into quantum
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coherence theory. The quantum coherence comes from the principle of quantum
superposition, which is the most basic property of quantum mechanics and the
advantage of quantum information. Recent years, many coherence measures are

proposed, such as |, horm coherence [5], I, norm coherence [6], relative entropy

2

coherence [5], geometric coherence [7], skew information coherence [8] and so on.

According to the standard form of generalized Schmidt decomposition, this paper
will discuss the super-additive relations, strong super-additive relations, sub-additive
relations, monogamy relations and other trade-off relations for any qutrit pure state

under | norm coherence and the square of |, norm coherence.
1

Il. Super-additive relation and strong super-additive relation

In this section, we discuss the applications of the generalized Schmidt
decomposition of pure state in the super-additive relation and strong super-additive
relation.

We first recall that the generalized Schmidt decomposition of pure state |l//> asc 1
2®2®2 quantum system is [1]
W) ,ac = 15/000)+re'?[100) +1,[101) +1,[110) +1,[111) (1.

4
where 1120, > r?=1.
0

Let pPpgc = |!// > ABC <l// , then we show the representation of Opgc and its partial

operators as follows:

Pasc = 1]000)(000| + ryr,e™?|000)(100| + r,r,|000)(101] + r,r;|000)(110| + ryr,|000)(111)
+1,,e'’|100)(000| + ;’[100)(100| + r;r,e'’[100)(101] + r;r,e'’|100)(110| + r,r,,e’|100)(111]
+1,1,|L01)(000] + e *“|101)(100] + r2[101)(101| + F,1,|101)(110] + r,r,[102)(111)
+1,1,[110)(000| + r,r,e *?[110)(100| + 1,1, [110)(101| + r;}[110)(110| + r,r,[110)(111]

+ r0r4|111><000| + rlr4e“9|111><100| + r2r4|11 1><101| + r3r4|111><110| + r42|111><11]4,

Prs =11 (Dpsc )= 1700)(00| + yre | 00)(10]+ 1,1, | 00)(L1| + ry e |10)(00] + (12 + 2 J10)(10)|
+(rre” + 1, JLOXLA|+ 1, 10(00]+ (e ™ + byr, J11)(10]+ (k2 + r2 J12)(1),
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Prc =t (Dpac )= 1Z00)(00| + ,r:e | 00)(10| + ry1, | 00)(11] + r,e™[10)(00] + (12 + 12 |10)(10]
+(rre + 1, JLOXLA|+ 1y, 12)(00] + (e ™+, J12)(10|+ (12 + 12 J11)(14),

pre ~1,(puse )+ ]00)(00] + 5r€|00)(01+ re]00)10) + e |00
+1,1,e7?|01)(00|+ r;|01)(01| + r,r;| 01)(10| + r,r, | 01)(11]
+1r,e"?|10)(00| + 1,r,[10)(01|+ r7|10)(10| + r,r,[10)(11]
+1r,e"’[11)(00]+ 1,1, |11)(01] + 1,1, |11)(10| + r7|11)(11],

Pa =tsc(Drsc ) = 12| 0)(0] + e | ON(L+ e (0] + (12 + r2 + 12 +¢2 J1)(1),

P =thc (Ppsc ) = (12 + 1212 0)(0] + (e + 1,1, | 0|+ (e ™ -+, J)(O|+ (12 + 12 J1)(a],
Pe =th(Paac )= (12 + 12 +12)0)(0] + (£, + 1, JO)1|+ (rre ™ +r, J1)(0] + (k2 + r2 1) (1)

therefore, we present the following matrix forms of all the above density operators

7 0 0 0 e nr, Lo
0 0 0O 0 0 0 0
0 0 0O 0 0 0 0
| 0 0 0O 0 0 0 0
Pree = e’ 00 0 2  rre? rre’ rre’|
, 0 0 0 rre 1} nLr,  nr,
, 0 0 0 rre' I I,
, 0 0 0 rre nr, & r}
7 0 e Ll Z 0 e I,
o 0o o0 0 1o o o 0
Pro = ree® 0 rP4+r? o orre’+or | Prc = ree? 0 r2+r? o orrel+rr, |
o, 0 e+, r2+r] , 0 rre’’+rr,  rZ4r
P+’ e’ rre rre”
_ r;l.rze_“9 r22 r2r3 r.2r-4 _( r02 r0r1e7i9 ]
Pec = _io 2 1 Pa= o L2, 2 2, 2]
rre r,r, I, rr, A ) R
rlr4e7i9 r2 r4 r3 r4 r42
B :( RN N r1r3e“9+r2r4J z( 2+ +rf rlrzei9+r3r4j (1.2)
® e+, r2+r? © e arnr,  r24+r2 J '
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F. Liu et al. [3] discussed the inequality of super-additive relation and strong

super-additive relation of three qubit pure state under |, horm coherence Cll. They

gave the following two theorems of super-additive relation and strong super-additive
relations respectively, but their proofs are not correct, so we first present the
corresponding correct proofs.

Theorem 183! For any three-qubit pure state |1//> in (1.1), there is the following

ABC

super-additive relation under C|l,

C, (pABC ) 2C, (PA)"‘ C, (PB )"' C, (Pc )

Proof. Recall that the definition of the 1, norm of coherencel® is as follows,

Cll(p):z‘pij" (1.3)

i#]

Then according to the corresponding density matrices in (1.2) , we get that

=251 + 21,1, + 2\/r12r32 + 1717 + 261,11, C0S6, (1.4)

L(0ac )= 200 + 2651, + 2Jr?r? + 1217 + 2r K1, cosé,
)= 261, + 268, + 261, + 21,5, + 26,1, + 2L,

L(Pasc )= 200 + 2031, + 20,1, + 2101, + 208, + 268, + 211, + 20,1, + 21,1, + 2K,[,.

then we have

C|1 (pABC )' Cl1 (PA )'Cl1 (pB )‘Cll (pc )
=21, (r, +1,+1,)+ 26, + 26,15, + 2(6r, + 1,1,

- 2\/"12I’32 + 0707+ 265,51, €080 + 2(5r, + 11, ) - 2\/'12r22 + 11+ 26611, COSO,

since ;20 and

2(rr, +1,r,) > 2\/r12r32 + 212 + 211,11, COS0, (15)

2(rr, +1,r,) > 2\/r12r22 +E2r7 + 26,51, COSO,
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then

C|l (pABC )'Cl1 (PA)'CI1 (pB )'CI1 (pc ) 20,

SO

C, (pABC ) 2C, (PA)"‘ C, (PB )"‘ C, (Pc ) ]

Theorem 2B For any three-qubit pure state |1//> in (1.1) there is the following

ABC

strong super-additive relation under Cl1

C|1 (pABC ) 2 C|1 (pA)+ Cll (pB )+ Cl1 (pc )+ Cl1 (pAB )+ Cl1 (pAC )+ Cl1 (ch )

if T2 20(r 41,40, )41,(r,+1,)

Proof. According to the formulas in (1.4), we get that

C|1 (pABC )_ C|1 (pA)_ Cl1 (pB )_ Cl1 (Pc )_ C|1 (pAB )_ C|1 (pAC )_ Cll (PBc )

=21, — ALK —4\/r12r32 + 1717 + 211,51, COSO —4\/r12r22 + 1717+ 21,51, cos6,

since 1,20, 1, 2 2r1(r0 +1, + r3)+ r4(r2 + r3) and two formulas in (1.5) , we have

Cll (PABC )_ Cl1 (PA)_ C|1 (PB )_ Cl1 (Pc )_ C|1 (pAB )_ Cl1 (PAc )_ C|1 (pBC ) 20,

C, (pABC ) >C, (PA)+ C, (PB >+ C, (Pc )+ C, (pAB )+ C, (/)Ac )+ C, (ch )’

and C|1 (p ABC) is strong super-additive. 0

I1l. Sub-additive relation

In this section we mainly verify the application of the generalized Schmidt

decomposition of pure state in the sub-additive relations.

P. Y. Li et al. [4] have discussed one sub-additive relation as follows,
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Lemma 1 For any three-qubit pure state |w> in (1.1), there is the following sub-

ABC

additive relation under C|1

C, (PAB )"‘ C, (PAc )2 C, (PA)"' C, (PB )

We then discuss other sub-additive relations.

Theorem 3 For any three-qubit pure state |l//> in (1.1), there are the following two

ABC

sub-additive relations under Cl1

(i) Cll (pAB )"’ Cll (pBC ) 2 Cll (pA)+ C:ll (pB )’

(i) C|1 (PABc )+ C|1 (PB ) 2 Cll (PAB )"‘ Cll (PBC )

Proof. (i) According to the formulas in (1.4), we get that

Cl1 (pAB)+ Cl1 (ch )_ C|1 (pA)+ Cl1 (pB ) =200+ 2I‘1(I‘2 ThLt I‘4)+ 2r2(r3 + I’4)+ 210,
since ;2 0 and the two formulas in (1.5), we have
C, (pAB) +C, (PBC )_Ch (/’A)_Cl1 (PB ) 20,

C:ll (pAB )"’ C|1 (ch ) 2 C|1 (pA)+ C|1 (pB )

hence

(ii) According to the formulas in (1.4), we get that
C, (pABC )"‘ C, (PB)_ C, (PAB )_ C, (pBC ) =2I, (rz +h )’

since r >0 and the two formula in (1.5), we have

Cl1 (pABC )+ C|1 (pB )_ CI1 (pAB )_ Cl1 (ch ) 20,

hence

C:ll (pABC )+ C|1 (pB ) 2 C|l (pAB )"’ C|1 (pBC ) n
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IV. Monogamy relations

Using the generalized Schmidt decomposition of pure state, we discuss the

monogamy relation under two coherence measures: norm coherence, C|1 and the

I

2
square of 1,norm coherence, C,

Theorem 4 For any three-qubit pure state |w> in (1.1), there is the following

ABC

monogamy relation under CIl

C, (PABC ) 2C, (pAB )"' C, (pAC )
i > n

Proof According to the formulas in (1.4), we get that

Cll (pABC )'Cl1 (pAB)'Cll (pAC ) = 2I’0(|’4 - rl)"‘ 260, +2r,5 + Z(Hrs + r2r4)_ 2\/'12r32 + r22r42 +2n1,1,r, cosd

+2(5r, + 1,1, )= 24/ F2r2 + £2r2 4 21 rr, cOS6,

since r. >0, r,>r, andthe two formula in (1.5), we have

Cl1 (PABC )_ C|1 (PAB )_ Cll (PAc ) 20,
hence

C, (pABC ) 2C, (PAB ) +C, (pAC )

Theorem 5 For any three-qubit pure state |(//> in (1.1), there is the following

ABC

monogamy relation under C,ZZ,
2 2 2
C|2 (pABC) 2 C|2 (pAB) + C|2 (pAC) '
if 12

Proof. Recall that the 1, norm of coherence!® is defined as
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Sleil (1.6)

i#]

then according to the formulas in (1.2), we can easily get that

Clzz(pA):

C, (ps)= (r t2 41212 + 261,11, c0s6)

C, (pc)= 2(r7r? + £2r2 + 261,11, cOSO),

C, (pas)=2 (r +r, )+ 21262 + 1212 + 261,51, c0sO),

C, (pac)=2r, (r +1, )+2(r2r22+r32r42+2r1r2r3r4cost9),

C, (pec)=21, (r2 i, )+2r22(r32+r2)+2r32r42,

C, " (Pasc)=2r, ( 0l 4, )+2r( +r 4T, )+2r22(r32+r42)+2r32r42.
(1.7)

then we have
Clzz(pABC )_ Clzz(pAB )_ Clzz(pAc ) = 2r02 (I‘42 - r12 )+ 2"12"42 + 2I‘22I‘32,

. 2 2
since I;>0,r,” 21", then

Cl2 (pABC )2 - C|2 (pAB )2 - Cl2 (pAC )2 20,

hence

C|2 (pABC )2 2 Cl2 (pAB )2 + Cl2 (pAC )2- []
V. Other trade-off relations

Z. M. Jiang et al. [9] studied other trade-off relations beyond monogamy relations.
We now use the form of generalized Schmidt decomposition to verify those coherence

inequalities from different viewpoint.
Theorem 6 For any three-qubit pure state |(//>ABC in (1.1), there is the following

trade-off relation under C|1
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C, (pAB )+ C, (pAC )"‘ C, (pBC )

C > :
I (pABC ) 2 2

Proof. According to the formulas in (1.4), we get that

c, (pABC)_[Ch(pABFC.l (pPac)+ C.l(ch)j

2

=20, +1,(n+ )+ 6, +nr+ (o + r2r4)—\/r12r32 + 1217 + 215,11, COSO

(A \/rfrzz + 6212 + 2K L,rr, cos6,

since I; 2 0and the formulas in (1.5), then

Cll (pABC )_(Cl1 (pAB )+ Cl1 (SAC )+ Cl1 (ch )j >0,

therefore,

C, (pAB )"‘ C, (pAC )"' C, (ch )

Cl1 (pABC ) 2 2 . 0

Theorem 7 For any three-qubit pure state |1//> in (1.1), there is the following

ABC

trade-off relation under C|22,

CIZZ(pABC ) > CIZZ(pAB )"’ C|22(2pAc )+ CIZZ(pBC )

Proof.  According to the formulas in (1.7), we get that

2 CIZZ(pAB)+CI22(pAC)+Clzz(pBC)
C|2 (pABC )_ 2

= roz(rz2 +r r42)+ I’ (rz2 +r+ 2r42)+ r22(2r32 + r42)+ rr?,

since 120 we have

CIZZ(pAB)+ CIZZ(pAC )+ Clzz(ch) >0

CIZZ(pABC )_
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So

Clzz(pAB )+ Clzz(pAC )+ C|22(pBC )

Clzz(pABC)Z 5 . 0
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