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Abstract: We study the construction of unextendible maximally entangled bases (UMEB) from lower
space to the higher space. Then we give the concrete forms of the UMEBsin C* ® C*2, C®® C®
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Keywords: Maximally entangled bases (MEB); Unextendible maximally entangled bases (UMEB);

Bipartite space

1 Introduction

Quantum entanglement is a fundamental feature of quantum mechanics and has been extensively
investigated in recent years!!l. The importance of quantum entanglement has been demonstrated in
various applications such as cryptographic protocols, quantum error correction codes and quantum
state tomography!?l. One of the important problem in this filed is to characterize entanglement
mathematically. The concept of unextendible product basis (UPB)*! is useful in studying entanglement,
it is a set of incomplete orthonormal product basis whose complementary space has no product states.

As a generalization of UPB, the notion of unextendible maximally entangled basis (UMEB)™* has
been proposed: a set of orthonormal maximally entangled states in C® ® C* consisting of fewer than

d? vectors which have no additional maximally entangled vectors orthogonal to all of them. The

n—

i=: eC'®CY, called an unextendible

definition of UMEB is as follows: A set of pure states {|‘Pa>}

maximally entangled bases (UMEB)[1] if and only if (i) All states {|‘Pa>} " are maximally

i=0
entangled ; (ii) (W,|¥,)="0,p abe0,---,n-1; (i) If (¥,[¥)=0 for all a=0,+-,n=1 then
“P> cannot be maximally entangled.

Studying about the construction of the UMEB has been increase recently, Wang et al. ¥ and Guo
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et al.l[%! put forward a method of constructing UMEBs in C* ® C* from thatin C® ® C®. Zhang et

al. constructed a pgd®— p(d?—N)— member UMEB in C* ®C%(p<q) from C’®C’ or
CP®CY in Ref [7]. Later, Shi et al.l®l generalized the above constructions and proposed a

(pgdd - p(dd'— N)) - member UMEB in C* ®C*'(p<q) from C'®C"®.

In this paper, we study the construction of the UMEB in lower space to higher space and give
three examples to illustrate it. We start with the construction of a 146-member UMEB in C* ® C*
from a 23-member UMEB in C° ®C®, then we show a 110-member UMEB in C° ® C* from a 25-
member UMEB in C° ®C?°, at last, we give a 170-member UMEB in C* ®C* from a 25-member
UMEB in C°®C°.
2UMEBin C?®C"* from C°®C°

Based on the general construction of the UMEBs in cMec (p < q) from the UMEBs in
C? ® C?proposed by lemma 1, we can construct a 146-member UMEB in C*®C" from a 23-

member UMEB in C°®C°.

Lemma 1!, If there is an N — member UMEB {“PJ>} in C'®CY, then there exists a
pgd? — p(d® = N) —member UMEB in C™ ®C™ (p<q).

Let {ij =[\/\/i!i]}?‘=_()l be a UUB of M, corresponding to {“PJ>},

“PJ>:—d__O _OW.’.Ii>®|i'>. j=0,---,N-1
Denote

d-1 2znay-1

Un=3e ¢ |a@, m)al.
a=0
p-1 2zkav—L

va= 5" e, ),
a=0

where m,n=0,---,d-1, 1=0,---,0-1 j=0,--,N-1, and
Blo =Vie ®W;, k=0,---,p-1 j=0,---,N-1,
By =V,®U,, k=0,-,p-1 I=1---q-1L mn=0,---,d-1.
Set C,={B/,} and C,={B;"}. Then, C,UC, isexactlyaUSVIBin M, .
Next we will give a specific example of UMEB in C*° ® C*® to illustrate lemma 1.

Progressive Academic Publishing

www.idpublications.org



European Journal of Mathematics and Computer Science| Vol. 6 No. 1, 2019
ISSN 2059-9951

Proposition 1. There is an 23 — member UMEB {“P J>} in C°®C®, then there exists a

146 —member UMEB in C* @ C*.
A 23-member UMEB in C°®C® from Ref. [9] is as follows:
|y, ) =1B(01) +a|12) + a?[23") + & [34") + & |40°)),
| @) =1/3/5(02') + 2 [13") + & | 24") + & [30") + * | 41)),
|102) =UNB(0L) + a[12)+ & 23) + 0 [34") +-* |40°)),
|q)15-19>:1/\/§(|04'>+0l|10'>+a2|21'>+a3|32'>+a4|43'>),
| @) =L/N/5(100%) +[10) +|227) +[33") +] 44"),
|@,,)=UNB(00) - [11) +|22) + ] 33') + ” [44)),
[©,)=UNE(8,00) + 4, 1)+ 4,221 + 3,]33)+ 4| 44).
2 2
where a=10.0%,0",0" and ﬂ1=\/§+\/%i,ﬂz=i,ﬂ3=—\/§+\/gi,ﬂ4=—\/gw ;w‘li,ﬂf—@“"w -1

3

Then, denote

m

o O O

w

o opr oo
o r o o o
r O 0o o o
o oo o,
o oo o
oo og o
oo oo
)

o
S-b

01 10 1 0\
Vy=[1 0 0|0 1 '(o _1], k=01 1=012,
010 00
where o, :ehf1 .
Let
0 0 0 0
By =|U,, O |, BI"=|U,, 0 |,
0 o 0o U,
0 U, 0 U,
By =| O 0|, Byy=| O 0 |,
u, 0 ., 0
W, 0 W, 0
By=| 0 W;|, By=| 0 -W,|
0 O 0 0

where n,m=0,---,4; j=0,---,22.

According to the substitution calculation of the above structure, we can get the following specific
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expression of the UMEB in C®®CY.

|¢0-9> :1/‘/§[|01>
2

al12)+a?|23')+a*[34)+ o |40') £ ([56") + |67 ) + @[ 78)+ & [89) + & [95) ) |,
|¢10 19 >)

1/5[[02)+ a[13) + a” |24') + &°|30") + * |41)

‘142
|43

)£ (57)+a[68")+ @[ 79') +a*[85") + a*[96")) |
|0 20) =1/ B[ |08) + |14+ &* [20') + &°[31) + (58")+69") +a?[75)+ o’ [86") +a*[97")) ],
1/+/5]|04") + 2|10") + & [21") + &* |33") + &* (159')+|65") +a?[76")+ o [87") + a*|98")) ]

|5,10")+|6,11) +a?|7,12') +a*[8,13) + &*|9,14")

BE
~
+
2
[E
oo

+a%|29)+a°|35") + " |46

(]

)= )

)= )
) =1/5[04)
|fo.10) =1/5]|05") + 16"

|ds0-50) = 1/‘/5[ )
) =1/+/[[07)
) =1/ Jos)
) =115
) =115

) E
) ik

+a?|27")+a°[38) + o [49') + ) ) )]
) )£(5.11) +@[6,12)+a*|7,13) + @°[8,14") + &*|9,15Y)) |,
) )x ) ) )]
) JE: ) )

1/4/5]|08) +@|19°)+a?[25") +*|36") + o |47

) )
) )
) )
6')+a|17") +a?|28") +a*(39") + a* |45’
) )
| o7 ) )
)+ )

(510

(511

(15.12)+ 6,13 +a*|7,14") +&°[8,10") + &*|9,11")

(5.13")+a[6,14)+a*[7,10)+a[8,11) +a*9,12)) ],
) )

|fo-s0) =1//5[|09") + @[15') + 2| 26" + & |37") + a* | 48") + (/5.14)+[6,10)+a*|7,11) +a°[8,12')+ * |9,13'
|hp-00) =1/ B[[0,10) + @ [L11) +*2,12') +0*[3.13) + & [4,14") (|50 + r[ 61+ [ 72') + 2 [83) + 2 94)) |
| Bi00-100) = 1/[[|011>+a|112>+a2|213>+a3|314>+a4|41 )E= (|51>+a|62>+a2|73'>+a3|84'>+a“|90))],
| faga10) =1/ 5[|o,12'>+a|1,13>+a2|214>+a3|310>+a4|411>i(|52>+a|63'>+a2|74>+a3|80>+a4|91>)],
| r20-120 ) = 1/J§[|0,13'>+a|1,14>+ a?|2,10%+a’|311) +a*|4,12) £ (|53>+a|64'>+a2|70>+a3|81'>+a4|92>)],
| 30130 ) =1/ 5[|014'>+a|110> o |211)+ 0’312+ |4,13") £(|54") + |60") + & | 71') + 3|82'>+a4|93>)],
|¢140141 1/£[| +[117) +|22')+[33") +|44") +(|55") +|66") +| 77") +|88") +|99'>)],

| hz1es) 1/I[| —[11)+|22") + w|33") + w* |44") £ (|55'>—|66'>+|77'>+a)|88'>+w2|99'>)],

|asses) =1/ \B[ B|00°)+ B, |11} + B3,]22') + 3,(33") + B, |44") = (B, |55) + B, |66) + B, 77") + B, |88") + 3, ]99")) |

2_ _ _ 2_
where @ —Lowof.ot and ﬁlz\E+\/gi,ﬂ2:i,ﬁsz_\E+\/§,ﬂA:@Twi,ﬂ5:@a’TMi,

3UMEBin C®®C" from C°®C°
In this part, we mainly discuss the construction of the UMEB in C™ @ C*(p<q) from that in

CP ®CH, and then we give a concrete example to show it.

Lemma 27\, If there is an N — member UMEB {“PJ>} in C°P®CY, then there exists a
pgd? —d(pg— N) —member UMEB in C* ®C* (p<q).

Let {W, =[W 1} bea USVIBof M, corresponding to {“P >}

Denote
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d-1 2znay—1

Un.,=De ¢ Ja®,m)al,
a=0
p-1 ana\/——l

V,=>e ¢ ‘a®ql><a|,
a=0

where m,n=0,---,d-1, 1=0,---,0-1, j=0,---,N-1 and
B/, =U,®W, n=0,-,d-L j=0,---,N-1
BY,=U,,®V,, m=l--,d-L n=0,--,d-L m=L---,q-L k=1--, p-1
Set C,={BJ,} and C,={B{}. Then, C,UC, isexactlyaUSVIBin My, 4.
Next we will begin to construct the UMEB in C* ® C'? from the UMEB in C*®C°.
Proposition 2. There is an 25— member UMEB {“P J>} in C°®C®, then there exists a

110 —member UMEB in C* ® C*.
First, we can get a 25-member UMEB in C*®C°® from Ref. [10]:

|y, ) =1\/B(01) + |25+ [40°) + *[12') + a* [34"),
| 4o ) =1//5(]05") +@|20") + a? |42') + & [14') + o |33"),
|®5,0)=1/B(|00") + | 22°) + a? [44) + & [13') + *|31),
|®ue16) 135102+ | 24') + 0" [41) + o [15) + & [30°)),
|@02) =15(104) +|21) +0 | 45') +a*[10°) + & [327)).

where «=10,0° 0%, &".

Denote

00000 1) (10000
100 0 0

100000/[01000
0w 0 0 0

010000[|00100 \

V, = : 10 0 @ 0 0, k=04 1=0,-5

001000000710 \
00 0 & 0

000100[|000TO01 s
00 0 0 o

000010)/00000O

Progressive Academic Publishing, UK Page 57 www.idpublications.org




European Journal of Mathematics and Computer Science| Vol. 6 No. 1, 2019
ISSN 2059-9951

where k,1=0,1j=0,---,24.

Then, we can get the following 110—-UMEB in C* ® C*:

|y o) =1/B[|01) + @|25)+ &? [40') + @*[12') + @*[34)) £ (|57") + | 7,11) + @ |96 ") + & | 68") + * [8,10")) ],

| o 10) =1/ V5[ [05) + 2| 20") + & [42') + & [14') + @ [33') £ (|5,11) + |76 ") + & | 98) + &* [6,10") + &*[89) ) |

| o zo) =1/ B[ |00) + [ 22')+ 07|44+ & [13') + & |31) £ (|56") + | 78') + a?[9,10") + & [69") + o* 87"} |,

|6o.25) =1/ |02') + @[ 24") +@*[41) + &*[15') + & [30') £ (|58") + @[ 7,20") + @*[97")+ & [6,11') + o [86")) |,

| o o) =1/B[|04) + |21} + & [45') + &°[10') + @*[327) & (| 10)+a|77)+a’|9,11)+a’[66)+ o [88)) ],
1/45[|06" + |17 + a*|28") + &°|3,9") + *|4,10") £(]50") + | 61') + &* | 72") + &*|83") + & * | 94"

|ho-50) =1//B[|06")+ 2 [17") + @[ 28))

|dho_g0) =1/ [|07>+a|18>+ 2|29'>+a3|3,10'>+a4|4,11'> (|51)+ |62 +a? |73+’ |84") +a4|95>)],
=1//5(|08) + @[19') + @?|2,10") +&*|311) + &* |4,6') £ (|52") + «|63") + & | 74") + & [85") + &* | 90"

¢70 79

|dhog0) =1/ [|09 +al110)+a?|2,11) +a’|3,6") +a |4,7)£(|53") + «[64") + o[ 75') + a*[80") + [ 91") ]

|o-so) =1/</B[|0.10") + @[111) +@°[2,6') +&°[3, 7))+ a*|4,8) £ (54') + & [65) + @[ 70+ & [81') + &* |927)) |,

o 1) =1/ VB[[0.11) + 16"+ 0 [27) + 0 [3.8) + 0 [4,9') £ (55") + r[60°) + o |71) + 0*[82°) + *|93)) ],

where a=10,0°,0°,0".

3UMEBin C°®C*® from C°®C*
We have introduced the construction of the UMEB in C™ ® C® ( p< q) from thatin C®C*

and C°®C?, UMEBin C™®C* ( p=< q) from the UMEB in C? ® C* will be naturally shown

in the following part.

At the beginning of this part, we need to know prepare the following facts, let M, ,. be the space
ofall dxd' complex matrices equipped with an inner product by (A,B)=Tr ( A’ B)- There is a one

to one relation between the space C° ® C* and the space M, . [

W)= za;;>|k>||>ecd®cd <A=(a)eM,,.,

(¥ [¥,)=Tr(A'A).

where {|k>} and {||>} are the standard computational bases of C° and C", respectively. A
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dxd' matrix is called a singular -value-1 matrix if its nonzero singular values are {1,1,1,---,1} .
Lemma 38 If there is an N — member UMEB in CY®CY, then there is a
(pgdd - p(dd'— N)) -~ member UMEB in C™ ®C* (p<q).

Let J,q be a PX0 matrix with all entries being 1, then J,, can be decomposed as

Jpq =R +R+---+P_, where each P, is a permutation matrix. For any B =RT',1=0,---q-1,
where
0 0O -~ 0
O - 00 0
0 1 -0
1 .. 0 0 - 0 )
R = - - : and T = :
L : 0 0 . 1
0 0 10 0
pxa 1 00

axq

Definea P*XQ matrix Q*,a=0,---,p-1, by

0 if R(i,j)=0,
& iR (i J)=1,

p

Q|a(ia J)={

2241
where E=e’ .

M =(|V|i, j)pxq is a block matrix form belongs to M, .., L, is a subspace of

M ;.- Which consists of all block matrices M with M, =0 if B (i, j)=0. Then,

Mo =L ®L @@L,

pdxqd’

such that dim L, = pdd' forall 1=0,---,q-1.

Let {Ai}’,il is an N —number USVIB in M, , {Bs,t} is an SVIB in M, , where
s=0,+d-1,t=0,,d-1. For any a=0,+,p-1 1=0,q-1 s=0,d-1, t=0,--,d"-1
and j=1---N, define

C =Q'®B,, and Cajyo =Q'®A,.
Set C,={C;|} and C,={C);}. Then, C,UC, isexactlyaUSVIBin M.
Proposition 3. There is an 25— member UMEB {“P J>} in C°®C®, then there exists a

170—member UMEB in C* ® C*.

25 .
Let {A} bea 25—-member USVIBin M.,
1)j=1
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0100 0 0 000 0 0 1
0 0a 0 0 O 00 0 0 & 0
A.=/0 0 0 0 0 af, A,=|la 0 0 0 0 O,
000 0« 0 00 0 & 00
@® 0 0 0 0 0 00 0 00O
1.0 0 0 0 0 0 01000
00 0o 0 0 0 0 000 &
A,.=/0 0 0 0 0f, A,,={0 0 00 a O]
0 ¢ 0 0 0 O a 0 00 0 O
000 0 a O 0 &> 000 O
0 0 0 01 O
@ 0 0 00 O
A .,=l0 a 0 00 O
0 0 «* 00 O
0 0 0 00 &
where «=1w,&* o, 0" .
Let
0100 0 0)
1 0 0 0 0O O
0 01 00O
0 (w) 0 0 0 O
. 000100
B.,=|0 0 (o) O 0 0 ,
‘ N 000010
0 0 0 (@) 0 0
N 000001
0 0 0 0 (o' 0
1 00 00O

where $=0,---,4, t=0,---,5. Itis easy to see that {Bs,l} isanSVIBin M.

Let J,, =P +PR+P,P=PT',1=0,1,2, where

1 00
P = T
010

Forany 1=0,---2, a=0,1, definea 2x3 matrix Q by

[ 0 itRGp=0
? ‘{(—1)““’ it R ) =1

= O O
o O =
o +— O

ThenfOI‘eaCh SZO;"'141 tZO,“‘,5 and jzll'”1251
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CS_t_o B, O - 0B, O
*“lo o B,) ™ (0 0 -B,)

S,

co (0 0B [0 0B,
*»\B, 0 0) ™ |-B, 0 0)

s,t s.t

o (A 00 (A 00
“lo A 0) {0 -A 0

Thus, a 170—member UMEB in C*° ® C*® can be described as follows:

) =1/J§[|01'>+a|25'>+a2|40'>+a3|12'>+a4|34 +(|57")+ | 7,11') + @*|96") + o° |68') + * [8,10" ))]
)

)
|0 10) =1/ V5[ [05) + 2| 20") + & [42') + &*[14") + @*[33') £ (|5,11) + @|7,6) + &* |98") + &°[6,10") + " [8

9" )]
|56")+|7,8')+a?(9,10" +a°|69') +a*[87")

)

(
| #1050 (58")+@|7,20) +a?(97)+ o’ [6,11) + " [86")) ],
( )

| Pro-ao

)= ) )
| o 2s) =1/ B[ |00 + x| 22) + 0?44+ a*[13) + o [31) ¢
) =1/B[|02')+ | 24') + @[ 41) + &°[15') + &*[30’)
) ) )+a’|45)+a’|107) )£

a’[10)+a* |32

1/5[|04)+ |21 5,107 +a|7,7') +a*(9,11') +a*[66') + o [88")) ]

|fo_so) =1//5||06) +|17") + &?|28") + &®[3,9) + " [4,10") £ (|5,12'>+a|6,13'>+a2|7,14'>+a3|8,15'>+a4|9,16'>)],

| ¢eo 69

)=1//5]|06")

) =1/\B[|07)+a[18)+a?|29') + &* [3107) + & |4,11) % (|5,13) + @[6,14") + @*[7,15') + & [8,16 ) + & [9,17")) |,
| 79>:1/J§[|08>+a|19 +02[2,10)+a*[3,11) + o 4,6") £(|5,14") + @[ 6,15") + o 7,16') + & [8,17") + *[9,12") ]
|¢30 89>

)=

| ¢90 99

:1/J§[|09 +alL10)+a?|210) +a’[3,6") +a 4,7 £(|5,15) + a|6,16") + & |7.17) +a*[8,12') +a*[9,13') ]
1/ [

0,10) +a|111) +a*[2,6")+a*(3,7") +a*4,8") £(|5,16") + «|6,17") + &’ |7,12') + & [8,13") + &* [9,14" )]

| 100) =1/ VB[ [0,11) + @[16") + @[ 27") +&*[3,8") + @*[4,9') +(|5,17) + @[6,12)+ &* |7,13") + &°[8,14") + &* [9,15Y)) |,
|hao 1:0) =1/ B[[0,12)+ 2[113) + &? [2.14") + &° [315)) + & [4,16") £ (|50 + [61) + & |72') + & [83) + * |94Y)) ]
| z0-100) =1/ [|013>+a|114>+a2|215>+a3|316>+ *14,17") (|51 + @ |62') + *|73") + & [84") + &* |95>],
|hso-130) =1/ B[[0,14) + @ [L15) + 0* 216"+ &* [317") + o [4,12') £ (|52') + [63) + 0 [74') + & [85) + 2 90)) ]
| $ap100) =1/ [|015>+a|116>+ 21217+’ [312") + a* |4,13") +(|53") + | 64") + &* | 75') + & |80") + & | 1))],
| oo 150) =1/ B[ [0,16") + @ [L17) + @?[2.12')+ & [313") + ' 4,14') £(|54") + [65") + &*[70') + * [81') + o [927)) ],
| o 100) =1/ B[ [0,17)+ @[112') + @°[2,13) + &*[314") + @ [4,15) £ (|55") + [60") + @ | 71') + &°[82') + " [93)) |

where a=10,0°,0°,0".

4 Conclusion

We have listed three method about the construction of UMEB in a lower space to a higher space,
which is helpful in the latter study of the UMEB. We have also presented three specific examples to
illustrate the above three methods. It should be noted that the expression of the last method is slightly
different from that of the other two methods, but both of them are effective ways to construct the

UMEB.
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